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1. Introduction

The purpose of this paper is to give a partial action version of the Y. Miyashita’s non-commutative
analogue [45] of the Chase-Harrison-Rosenberg sequence [7]. The latter is related to a Galois extension
RY C R of commutative unital rings with a finite Galois group G and was obtained applying a seven term
Amitsur cohomology exact sequence of S. U. Chase and A. Rosenberg [8], proved using spectral sequences.
A constructive proof of the Chase-Harrison-Rosenberg sequence was given by T. Kanzaki [37], employing
the novel notion of a generalized crossed product. The sequence is of the form

0 — HY(G,U(R))—Pic(RY)—=Pic(R)° +H*(G,U(R))—B(R/R%)—~H' (G, Pic(R))—~H*(G,U(R)),
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where Pic(R) is the Picard group of the isomorphism classes of finitely generated projective R-modules of
rank 1, H"(G,_ ) is the cohomology group of G and B(R/R%) is the relative Brauer group, whose elements
are the equivalence classes of the Azumaya R%-algebras split by R. There is an induced action of G on
Pic(R), and Pic(R)® denotes the subgroup of the elements fixed by the action. If R is a field, then the
first homomorphism of the sequence immediately gives Emmy Noether’s theorem H'(G,U(R)) = 1, which
extends the E. Kummer’s result of 1855 on cyclic field extensions, known as Hilbert’s Theorem 90 due
to the fact of being listed under number 90 in D. Hilbert’s Zahlbericht. Another important fact, being
generalized by the sequence, is the crossed product theorem, stating that if R is a field, then the map
H?*(G,U(R)) > [f] = [R*;G] € B(R/R®) is an isomorphism of groups, where R*; G stands for the crossed
product associated with the 2-cocycle f and the Galois action of G on R.

Besides Galois theory, crossed products are relevant in ring theory, in the theory of von Neumann algebras
and in that of C*-algebras. In the latter area more general types of crossed products were introduced, in
particular, crossed products by partial actions, which are useful to deal with important classes of C*-algebras
generated by partial isometries. Prominent early examples of partial crossed product descriptions include
those for the Cuntz-Krieger C*-algebras [29] and for the more general Exel-Laca C*-algebras [33]. Among
the more recent relevant examples we mention the tame C*-algebras related to finite bipartite separated
graphs [1], the full and reduced C*-algebras of E-unitary or strongly E*-unitary inverse semigroups [43],
the Carlsen-Matsumoto C*-algebras associated to arbitrary subshifts on finite alphabets [16] and certain
ultragraph C*-algebras [35]. Highly interesting particular cases include C*-algebras associated to dynamical
systems of type (m,n) (see [2]) and graph C*-algebras (see [32]).

In algebra, partial crossed products turned out be applicable to group graded algebras [15], [18], to Hecke
algebras [31], to Leavitt path algebras [34] and to Steinberg algebras [9], [5], [36]. In particular, it was shown
in [18] that any group graded algebra A, satisfying a natural mild condition, after passing to finite matrices
over A of an appropriate infinite size, becomes a crossed product by a twisted partial action. This is an
algebraic analogue of R. Exel’s result [30] on C*-algebraic bundles. In addition, partial crossed product
analogues are useful for semigroups, as it can be seen in [38], [10], [40], [41], [42].

Among the diverse algebraic developments on partial actions we mention two steps related to our theme:
the partial action treatment of Galois theory of commutative rings in [19] and the introduction of a group
cohomology based on partial actions in [20]. While the former inspired a Hopf theoretic approach to partial
actions by S. Caenepeel and K. Janssen in [6], which in its turn became a starting point for interesting and
fruitful Hopf theoretic developments, the latter is useful for partial projective group representations [25], for
extensions of semi-lattices of groups by groups [21] and to the study of the ideal structure of reduced (global)
C*-crossed products [39]. It also influenced the introduction of partial cohomology of Hopf algebras in [4]
and that of groupoids in [48]. For more information on advances around partial actions and applications
the reader is referred to R. Exel’s book [32] and to the survey article [14].

In view of the above mentioned progresses, it was natural to generalize the Chase-Harrison-Rosenberg
sequence to partial Galois extensions of commutative rings. This was done in a sequence of two papers [22]
and [23]. New ingredients came into the picture: the first one is the inverse semigroup PicS(R) of the finitely
generated projective R-modules of rank < 1, on which the Galois partial action « of the finite group G on
the commutative unital ring R induces a partial action a*; the second one is certain partial representations
needed to introduce a partial version of generalized crossed products. All (global) cohomology groups in the
Chase-Harrison-Rosenberg sequence are substituted by their partial theoretic analogues, and the sequence
takes the form:

0 — H'Y(G,a, R)—=Pic(R*)—PicS(R)* NPic(R)—»H?*(G,a, R)—=B(R/R*)—

HY(G,a*,PicS(R))—H?*(G, a, R),
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where R® and PicS(R)a* are the subring and the submonoid of partial invariants, respectively (see Sec-
tion 3.1 for definitions). Two immediate consequences of the sequence are a partial version of the Hilbert’s
Theorem 90 [23, Corollary 6.8] and the partial crossed product theorem [23, Corollary 6.9].

T. Kanzaki’s proof of the Chase-Harrison-Rosenberg sequence inspired Y. Miyashita to use generalized
crossed products to produce a non-commutative analogue of the sequence [45]. Instead of a Galois extension,
Miyashita’s sequence is related to a rather general setting of a ring extension R C S with the same unity and
a fixed homomorphism © : G — Invy(S), where G is an arbitrary non-necessarily finite group and Invg(S)
is the group of invertible R-subbimodules of S. The sequence has a somewhat different form, but the case
of a Galois extension of commutative rings R C R can be recovered by taking S = R+ G and a rather
natural homomorphism G — Invg(R* G), where R x G is the skew group ring by the Galois action of G on
R. One of the crucial ingredients of the non-commutative version of the sequence is an appropriate analogue
B(O/R) of the Brauer group. It is defined as a quotient of the abelian group C(©/R) of the isomorphism
classes of certain generalized crossed products related to ©. A subgroup Cy(©/R) of C(©/R) is shown to be
isomorphic to a second cohomology group of G, and the restriction of the natural map C(6©/R) — B(©/R)
to Cp(©/R) provides one of the homomorphisms of the sequence. Miyashita’s sequence was extended for a
technically more difficult case of rings with local units by L. El Kaoutit and J. Gémez-Torrecillas in [2§]
using their results from [27].

Several other articles related to the Chase-Harrison-Rosenberg sequence were published. In particular, in
[12] D. Crocker, I. Raeburn and D. Williams obtained a C*-analogue of the sequence, using the equivariant
version of the Picard group [12, Proposition 2], that of the Brauer group [11] and the cohomology theory
developed by C. C. Moore [46] for actions of locally compact groups on Polish modules.

We begin by giving some preliminary facts on projective modules over a non-necessarily commutative
ring R with 1 in Section 2.1, followed by the notion of the generalized Picard semigroup PicS(R) of the
isomorphism classes of the partially invertible R-bimodules in Section 2.2 and by some technical facts on
the bimodule relation M|N and isomorphisms of the form M ® g N ~ N ® g M in Section 2.3. Furthermore,
given an extension of rings R C S with the same unity, we recall in Section 2.4 the definition of the group
P(S/R) of the isomorphism classes of certain R-bimodule maps P — X, where P is an R-bimodule, whose
isomorphism class [P] lies in the Picard group Pic(R) and [X] € Pic(S). The group P(S/R) participates
an exact sequence given in [45, Theorem 1.5] (see also [27, Proposition 5.1]), which is used to construct the
first two homomorphisms of our main sequence, whose second term is an appropriate subgroup of P(S/R).

Section 3 deals with partial generalized crossed products. After recalling in Section 3.1 some background
on partial actions, partial representations and partial cohomology of a group G, we give in Section 3.2
some auxiliary facts related to a unital partial representation of the form G — PicS(R) and, given such a
representation, construct the associated partial actions o and o* on Z and PicS(R), respectively, where Z
stands for the center of R. In particular, this allows us to consider partial cohomology groups of a group G
with values in Z, which we denote by Hg(G, o, Z). Notice that along with the usual concept of a partial
action of a group on a semigroup, in which the domains of the partial isomorphisms are assumed to be
two-sided ideals, it may be useful to keep in mind a relaxed version allowing them to be only subsemigroups
(see Definition 3.1 and Proposition 3.3).

The main technical part of Section 3 is concentrated in Section 3.3, where we give the concept of
a factor set and that of a generalized crossed product related to a fixed unital partial representation
© : G — PicS(R), and prove several results on them. Factor sets are needed to produce generalized
partial crossed products and they may arise from partial representations © as families of R-bimodule iso-
morphisms of the form f© = {ff)y 10, ®r ©y — 1,04, z,y € G}, where 1,, (z € G), is a central
idempotent in R. An obstruction for f© to be a factor set is a partial 3-cocycle (see Proposition 3.15 and
Corollary 3.16), which is automatically trivial if the partial representation comes from that of the form
O : G — Sgr(S). Here Sg(S) denotes the set of the R-subbimodules of S, equipped with the natural multi-
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plication M N = {Z ming; my € M,n; € N}, M,N € Sg(S), turning Sg(S) into a monoid with neutral
element R. Section 3.4 gives some preliminaries on unital partial representations G — Sg(S).

As it can be seen already in [22] and [23], it is more laborious to deal with the partial action setting.
The non-commutative case brings new technical challenges, and a big part of the work is related to the
partial action version of the group C(©/R), to which Section 4 is dedicated. More specifically, given a unital
partial representation © : G — PicS(R) we construct in Theorem 4.1 the abelian group C(©/R) of the
isomorphism classes of certain generalized crossed products related to ©. Its subgroup Co(©/R) is given
in Proposition 4.2 and an isomorphism between Cy(O/R) and a second partial cohomology group of G is
established in Theorem 4.4.

Our seven term exact sequence is obtained in a series of subsections of Section 5, and it is produced
starting with an extension of rings R C S with the same unity and a fixed unital partial representation
© : G — Sgr(S). An important step is the construction in Section 5.2 of a group homomorphism L :
Picz(R)() — C(©/R) (see Theorem 5.10), where Picz(R)(“) is a subgroup of Picz(R) C Pic(R) (see
Section 2.2 and Lemma 5.6). The homomorphism £ is used to define our analogue of the Brauer group in
C(O/R)

Im(L) ~

The sixth term H1(G,a*,PicSo(R)) of our sequence is introduced in Section 5.4 and it involves 1-

Section 5.3 as the quotient B(©/R) =

cocycles with values in the subsemigroup PicSo(R) C PicS(R) provided by Lemma 5.20. The same
lemma implies that the partial action a* of G on PicS(]l%) can be restricted to PicSo(R). Then the
ZY G, a*,PicSy(R
(Ciﬁ)(PicZ(R)((G))))’ where ¢ : C(®/R) —
ZY G, a*,PicSp(R)) is the group homomorphism given in Lemma 5.21. It follows by Remark 5.22 that
HL(G,a*,PicSo(R)) is a quotient of the partial cohomology group H' (G, a*, PicSo(R)).

Besides being used in the definition of our version B(0©/R) of a Brauer group, the map L is involved in

group H(G,a*,PicSo(R)) is defined as the quotient

the construction of three consecutive homomorphisms of our sequence:
Picz(R) N PicSz(R)* — H3(G,a,2) — B(O/R) - H (G, a*,PicSo(R))

(see Proposition 5.19, Proposition 5.23 and the definition of ¢35 after the proof of Theorem 5.10). The entire
sequence is given in Theorem 5.27, and it is of the form:

1= HY(G, o, 2) = Pz(A(O)/R) @) — Picz(R) NPicSz(R)* — H2(G, o, Z) — B(O/R)

— H'(G,o", PicSo(R)) — H(G, a, 2),

where the subgroup Pz(A(0)/R)(&) of P(A(O)/R) is defined in Section 5.1 (see Lemma 5.2).
We omit some routine technical verifications. An insistent reader should be able to recover them. Alter-
natively, they may be found in the expanded version of the paper available in arXiv [24].

2. Background

In all what follows R will stand for an associative ring with unity element 1. We denote by Z the center
of R and by U(R) the unit group of R. A right R-module M is called unital if m -1 = m, for all m € M.
In this case, we have that MR = R and M ®r R ~ M via the right R-action on M, ie. m®&r +— m - r.
Analogously we define a left unital R-module. We shall sometimes write Mg to say that M is a right module
over R. The meaning of g M will be similar. Given an R-bimodule M we denote by Autg_r(M) the group
of all (R, R)-bimodule automorphisms of M. Moreover, the bimodule M is called central if - m = m - r,
for all m € M and r € R.
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Let e be a central idempotent of R and M an R-bimodule. Write eM = {m € M : em = m}. Obviously,
eM is an R-subbimodule of M, since e is a central element. Moreover, there is an R-bimodule isomorphism
Re ®@p M ~ eM defined by r ® m — rm, whose inverse is given by m — e ® m. Analogously, Me = {m €
M : me = m} is a R-subbimodule of M and M ®g Re ~ Me, as R-bimodules. If F : M — N is an
isomorphism of R-bimodules, then the restriction of F' to eM is an R-bimodule isomorphism onto eN. In
some cases, for simplicity of notation, we will denote this restriction by the same symbol F'.

2.1. Projective modules over non-commutative Tings

In this section we list some properties of finitely generated projective R-modules, whose straightforward
proofs are left to the reader.
Let M and N be R-bimodules. Then the sets Hom(Mpg, Ng) and Hom(gM,g N) are R-bimodules via:

(r- f)(m) =rf(m) and (f-r)(m) = f(rm), fe€Hom(Mg, Ng),m € M,r € R, (1)
(r-g)(m) =g(mr) and (g-r)(m)=g(m)r, g€ Hom(gM,rN),m € M,r € R. (2)

In particular, taking N = R, we have that the sets *M = Hom(Mg, Rg) and M* = Hom(grM,g R) are
R-bimodules via (1) and (2).

Lemma 2.1. Let P be an R-bimodule.

(i) If P is finitely generated projective as a right R-module, then the map ¢ : P ®g *P — End(Pg),
defined by p(p @ f)(p') = pf(p'), is an R-bimodule isomorphism.

(ii) If P is finitely generated projective as a left R-module, then the map ¢’ : P*®@r P — End(rP), defined
by o(f @p)(p) = f(p')p, is an R-bimodule isomorphism.

Lemma 2.2. Let P and Q be R-bimodules. If P and @Q are finitely generated projective as right (left) R-
modules, then P Qg Q is a right (left) finitely generated projective R-module.

Lemma 2.3. Let P and Q be R-bimodules.

(i) If P and Q are finitely generated projective as right R-modules, then the map n: *PRr*Q — *(Q ®r P),
defined by n(f @ 9)(p @ q) = f(9(q)p), is an R-bimodule isomorphism.

(ii) If P and Q are finitely generated projective as left R-modules, then the map n' : P*QrQ* — (Q®r P)*,
defined by 0’ (f @ 9)(q ® p) = g(qf(p)), is an R-bimodule isomorphism.

2.2. The generalized Picard semigroup
We recall that an R-bimodule P is called invertible if there exists an R-bimodule @ such that
Por@Q~R~Q®gP,
as R-bimodules (see, for example, [3, Chapter II]). We shall need the following known fact.

Proposition 2.4. [3, Chapter II] Let P be an R-bimodule. Then the following are equivalent:

(a) P is invertible.
(b) P is a finitely generated projective right R-module, which is a generator and R ~ End(Pgr).
(¢) P is a finitely generated projective left R-module, which is a generator and R ~ End(gP).
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We also recall that the Picard group Pic(R) of a ring R is the set of the isomorphism classes of invertible
R-bimodules with multiplication given by ®g. By [47, Theorem 1.1}, *P ~ P* as R-bimodules, and hence
[*P] = [P*] = [P]7! in Pic(R). We shall write [P]~! = [P~!]. Note that we can choose the isomorphisms v
and [ so that (R, R, P, P*,t,[) is a Morita context, and consequently:

(p@q)p' =pt(qep’) and (g p)d =qllp®@ ), (3)

for all p,p’ € P and ¢,¢' € P* (see [3, Chapter II]). For a K-algebra R over a commutative ring K we
denote by Pick (R) the set of the isomorphism classes of invertible R-bimodules which are central over K,
i.e., kp = pk for all k € K and p € P. In the case when R is commutative, we have that [P] € Picgr(R) if
and only if P is a finitely generated projective R-module of rank 1 (see, for example, [13, II, §5]).

We say that an R-bimodule P is partially invertible if

(i) P is finitely generated projective left and right R-module;
(ii) The maps

R — End(Pg) R — End(gP)
and
r o (p=rp) T (ppr)

are epimorphisms.

Example 2.5. Let e € R be a central idempotent and P an invertible Re-bimodule. Define a structure
of an R-bimodule on P by setting r - p = (er)p and p-r = p(er),r € R,p € P. Then End(Pg) =
End(P.r), End(gP) = End(cgP) and it is readily seen that P is a partially invertible R-bimodule.

We denote by PicS(R) the set of the isomorphism classes [P] of partially invertible R-bimodules, that
is,

PicS(R) = {[P], P is a partially invertible R-bimodule}.
Proposition 2.6. PicS(R) is a monoid with multiplication defined by [P][Q] = [P ®r Q).

Proof. By Lemma 2.2, we have that PQrQ is a left and right finitely generated projective R-module. Let
1 be the map defined by the following chain of R-bimodule isomorphisms:

R Fnd(Pp) - m Pop P — = PorRop P — = PorFnd(Qn)onP
b PRRryg' ®r"P
N PRrQ®R*QOR"P
~ PRQ®N
RN PorQ®R" (PRRQ)

~ PPRQ

- - _ _ _ . End(P®rQ)

! If R is commutative, then Picg(R) is usually denoted simply by Pic(R).
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where ¢p, pg and Ypg,o are as in Lemma 2.1 and 7 is the isomorphism given by Lemma 2.3. Then 1) is
onto and it is directly verified that

Y(r)(p@q) =rp®q.

Analogously, ¢' : R — End(grP®grQ), determined by ¢/(r)(p ® ¢) = p ® qr, is onto. Thus, [PR®rQ] €
PicS(R). Clearly, [R] is the unity element of PicS(R). Therefore, PicS(R) is a monoid. O

Remark 2.7. It is immediately seen that U(PicS(R)) = Pic(R).

With respect to Example 2.5 note that if the e R-bimodule @ is an inverse for the e R-bimodule P, then
considering P and @ as R-bimodules it is easily seen that [P][Q][P] = [P] and [Q][P][Q] = [Q] in PicS(R),
so that the R-bimodule @ is a partial (or weak) inverse of the R-bimodule P.

Analogously to the case of the Picard groups, if R is a K-algebra, then PicS g (R) stands for the subsemi-
group of those isomorphism classes [P] € PicS(R), in which the bimodules P are central over K. If R is a
commutative ring, then PicS(R) = PicSgr(R) consists of the isomorphism classes of the finitely generated
projective central R-bimodules of rank less than or equal to one (see [22, Proposition 3.6]). Moreover, by
[22, Proposition 3.8], we have that PicS(R) is an inverse semigroup, with [P]* = [P*] for all [P] € PicS(R).

2.8. The bimodule relation M|N and a tensor product commuting isomorphism

The central idempotents of the ring R will be important for us. We shall use the following easy isomor-
phism. Let e be a central idempotent in R and M an R-bimodule. Write eM = {m € M;em = m}. Since
e is central in R, then eM is an R-subbimodule of M. Moreover, we have the following isomorphism of
R-bimodules:

Re®r M — eM, (4)
rem — rm,

whose inverse is given by eM > m — e ® m € Re ® g M. Analogously, Me = {m € M; me = m} is an
R-subbimodule of M and we have the R-bimodule isomorphism M ® p Re ~ Me defined by m®@re — mre.
Let M and N be R-bimodules, F' : M — N an R-bimodule isomorphism and e a central idempotent in R.
The restriction of F' to the R-subbimodule eM is also an R-bimodule isomorphism between eM and elN,
which, with a slight abuse of notation, will be denoted by the same symbol F.

Let M and N be R-bimodules. We shall write M|N if M is isomorphic, as an R-bimodule, to a direct
summand of some direct power of N, that is, if there exists an R-bimodule M’ such that N ~ M & M’,
for some n € N. This is a reflexive and transitive relation which is compatible with the tensor product, in
the sense that, if M|N and @ is an R-bimodule, then

(M ®rQ)(N®rQ) and (Q®r M)|(Q ®r N). (5)

Remark 2.8. The first two of the following facts are immediate, whereas the verification of the third one is
straightforward.

(i) If Mg|Rg, then M is a finitely generated projective right R-module.
(ii) If Rgr|Mg, then Mg is a generator of the category of the right R-modules.
(iii) M|N if and only if there exist R-bimodule homomorphisms f; : M — Nand g; : N - M,i=1,2,...,n,
such that Y1 | g; o fi = Id.
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Remark 2.9. If M is an R-bimodule such that M|R, then M is a central Z-bimodule. Indeed, there exist
R-bilinear maps f; : M — Rand g, : R — M, i =1,2,...,n, with Zgifi = Idps. Take m € M and

i=1
r € Z, then

mr = gi(fi(m) T*Zgz fz Zgz (rfi(m)) = rg:(fi(m)) =rm
i=1 i=1

R

Hence, M is central over Z.

Proposition 2.10. [/5, Corollary 3] Let M and N be R-bimodules. If M|R and N|R, then there is an R-
bimodule isomorphism M Qr N ~ N Qr M given by

TM,N: M®r N — N@RM

TRy Zfz 2)y ® gi(1

where fi : M — R, g; : R — M, fori=1,2,....,n, are R-bilinear maps, such that Z 1 9ifi = Idy, as
given by Remark 2.8.

Given an R-bimodule M, we write Cps(R) = {m € M, rm = mr for all r € R}. The abelian group

Cum(R) is a central Z-bimodule, and we may endow R ®z Cjs(R) with a structure of an R-bimodule via
the R-bimodule structure of R, that is,

1 (T®zm) ST =T1TTe @z M,
for all ;71,70 € R and m € Cp(R).

Lemma 2.11. [/5, Lemma 2.4] Let M be an R-bimodule such that M|R (as bimodules), then there exists an
R-bimodule isomorphism M ~ R®z Cp(R).

Corollary 2.12. Let M and N be R-bimodules such that M|R and N is central over Z. Then there exists an
R-bimodule isomorphism M ®r N ~ N Qr M.

Proof. Since M|R, by Lemma 2.11 we have the sequence of R-bimodule isomorphisms:

~Cu(R)®@zN~Cy(R)®z Rg N>~M ®r N. O

2.4. The group P(S/R)

Let R C S be an extension of rings with the same unity element. Following [27], let M(S/R) be the
category with objects denoted by P =—[¢}=> X , where P is an R-bimodule, X is an S-bimodule and
¢ : P — X is an R-bilinear map such that the maps

h.: P X by P X
¢r ®RS — 5 and ¢l S®R — 3

pOrs — d(p)s s@rp — s6(p) ©)



M. Dokuchaev, I. Rocha / Journal of Pure and Applied Algebra 228 (2024) 107558 9

are isomorphisms of R-S-bimodules and S-R-bimodules, respectively. A morphism from P —[¢}= X to
Q ==Y in M(S/R) is a pair, where o : P — @Q is R-bilinear, 8 : X — Y is S-bilinear and the
diagram

P

|

Q

X
|s
Y

is commutative. If o and S are isomorphisms of R-bimodules and S-bimodules, respectively, then (¢, 8) is
an isomorphism between P —[¢}J=> X and Q —[¢|= Y.

We denote by P(S/R) the set of the isomorphism classes of objects [P] =l[¢|=> [X] , where [P] € Pic(R)

(U

and [X] € Pic(S). By a slight abuse of notation P =—l[¢}|=> X will also denote the isomorphism class of
an object P —l[¢}= X of M(S/R).

Remark 2.13. By [44, Lemma 3.1}, if [P] € Pic(R) and [X] € Pic(S), then [P] =l¢l= [X] € P(S/R),

provided that ¢; (or ¢,) is an isomorphism.

By [45, Theorem 1.3], P(S/R) is a group, in which the product of the isomorphism class of
P —=l¢}= X € M(S/R) by that of Q =[vI=Y € M(S/R) is given by the isomorphism class of

PerQ —bsv— X ®sY € M(S/R),

where ¢ ® 1Y : PQrQ — X ®gY is defined by (¢ ® ¥)(p ® ¢) = ¢(p) @ ¥(q). Moreover, the inverse of the
class of P =[¢]=> X is that of [P*] =l[¢"]= [X*] , where ¢*(f)(s¢(p)) = sf(p), with s € S, p € P.

If R is a K-algebra, we define Px(S/R) = { [P] =l¢I= [X] € P(S/R);[P] € Picx(R)}. It is easy to
see that Pk (S/R) is a subgroup of P(S/R). Indeed, it is enough to check that if P is a central K-bimodule,
then so is P*. Let k € K and f € P*, then

(f - k)(p) = fF(p)k = kf(p) = f(kp) = f(pk) = (k- [)(p),
for all p € P. Therefore, [P*] € Pick (R), as desired.
3. Partial generalized crossed products
8.1. Partial actions, partial representations and partial cohomology

We shall need a concept of a partial group action on a semigroup which we give below and which is more
general than that considered so far (see, in particular, [20]).

Definition 3.1. Let G be a group and S a semigroup. A partial action a of G on S is a family of subsemigroups
Sz, (z € G), and semigroup isomorphisms «,, : S;-1 — S, which satisfy the following conditions:

(i) Sl = S and a1 = Ids,
(ii) a;l(sy NS,-1)C Siaey)-15
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(ili) o 0 ary(s) = uay(s), for each s € ay ' (S, N Sy-1).

We shall write for simplicity o = (Sy, ). As it can be seen in [15], conditions (ii) and (iii) of the above
definition imply that a;! = a, 1 and

0y (Sp-1NSy) =8NSy, foralz,yed. (7)

We say that the partial action o = (S, o, ) is unital if each S, is an ideal in S generated by an idempotent
which is central in S, that is, S, = S1,, 1, € Z(S), for all z € G. In this case, S; NS, = S1,1, and (7)
implies that o, (1,1,-1) = 1;1,,, for all ,y € G. As a consequence,

Quy(81y-1,-1)1p = az(ay(sly-1)1,-1), forall z,y € G and s € S.
The subsemigroup of the invariants of S with respect to the unital partial action « is defined by
SY={s€8; az(sly,-1) =sl,, forall xz € G}.
We recall the next:

Definition 3.2. A partial representation of G in a monoid S is a map

0: G — S
r — O,
which satisfies the following properties:
(i) b1 = 1s,
(i) 0.0,0,-1 = 0,y0,-1, for all z,y € G.
(ill) 6,-1050y = 0,-10,,, for all z,y € G.
It follows from Definition 3.2 that
0,0,10, =0,, forall ze€G. (8)

By [17] we know that the ¢, are idempotents such that

Ex€y = €yEy and Ope, =e,,0, forall z,y e G. (9)
In particular,
€z, =0, e Oe,-1 =10, forallz €. (10)
Moreover, by (8)
020y = 0,0,-10,0, = 0,0,-10,, = c,0,,, forall z,yeG. (11)

Applying (9) to (11), we obtain
0.0y = €20y = Opyey—1, forall z,y€G. (12)

The need of a more general concept of a partial group action on a semigroup is justified by the following
fact, which will be useful for us.
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Proposition 3.3. Let S be a monoid and let 0 : G —> S be a partial representation. Write S, = €,5¢,,
(x € G). Then, a* = (S, o), where

al Sl.—l — S,
5 — 0,501,

is a partial action of G on S.

Proof. Clearly, S; = S and af = Idg. Observe that s € S, if and only if €,s¢, = s. Indeed, obviously,
if s = e8¢, then s € S,. On the other hand, if s € S,, then s = ¢,5'e,, for some s’ € S, and ¢,s56, =
€408 EpEy = €458'€, = 5, as desired.

By (10), we have

*

Qy

(8) = 0,801 = €,0,80,-16, = e, (8)Es,
and thus, o(s) € S,. For 5,8’ € S,-1, we see that

al(ss') =0,850,-1 = 0,86,-18 0,1 = 0,50,-10,5 0,1 = a(s)ai(s).

Hence, o is a semigroup homomorphism. Given s € S,-1, we obtain
(ag_1o0a})(s) =) -1(0;50,-1) =0,-10,50,-10, = c,-156,-1 = 5.

Analogously, (aj o a_,)(s) = s, for all s € S,. Therefore, o is an isomorphism, whose inverse is o _,.
If s€ S,NS;-1, then

SES _ fo
o (S) = 9y7189y ezw ! ey—IEx—ISEx—ley (—i) E(xy)—ley—lseyE(xy)—l S S(xy)—l.

y—1
Hence, o1 (Sy N S;-1) € S(zyy—1- I s € af 1 (Sy N Sy-1) C S(zyy-1 N Sy-1, then using (11) and (12) we
compute

(o 0 ap)(s) = ay(0ys0y—1) = 0,0,50, 10,1 = Orye,156,-10,-1,1

= Opys0y-1,-1 = ag,(s).

*

Consequently, o* is a partial action. O

Let K be a commutative ring (or a commutative monoid) and a = (D,, ;) a unital partial action of G
on K, where D, is generated by the central idempotent 1,. An n-cochain, with n € N, of G with values
in K is a function f: G™ — K such that f(z1,....,2n) € U(K1y1ls 001 2y 0, ). For n =0, we define a
0-cochain as an element in U (K).

Let C™(G,a, K) be the set of all n-cochains of G with values in K. Then, C"(G, «, K) is an abelian
group with the multiplication defined point-wise, that is,

fg(xla 7xn) = f(xlv ...71““)9(961, "'7wn)7 with L1y T € G.
Clearly, I(z1,...,&n) = 1z, 1z 20 1ay2s...2, 18 the unit for this multiplication and

1, o xn) = fg, . xn) "t E UKl 00 Layas. 2, ), fOr 21, .2, € G.
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Proposition 3.4. /20, Proposition 1.5] The map 6" : C"(G, o, K) — C""Y(G, a, K) defined by

n

O ) (@15 1) = @y (F (@2, 000 Tnp1) 1, 01) H J(@1, o 2Ty, --~,$n+1)(71)i
i=1
F(@r, ) D" (13)
where the inverse elements are taken in the corresponding ideals, is a group morphism such that
(6" 0 ™) () (@15 s Tnt2) = Loy LoyayLorwn.oonias
forall f € C"(G,a,K) and x1,...,2p41 € G.
Remark 3.5. If n = 0, then 6° : U(K) — CY(G, o, K) is defined by
(6%)(z) = ap(kly—1)k™t, for each k € U(K).
We define the groups
Z"(G,a, K) =ker(6") and B™(G,a, K) =Im(5" ")

that are the group of the partial n-cocycles and that of the partial n-coboundaries, respectively. By Propo-
sition 3.4, we have B"(G,a, K) C Z"(G, a, K). Thus, we define the group of the partial n-cohomologies
by

H"(G,0,K) =

For n =0 we set H*(G, o, K) = Z°(G, o, K) = ker(&°).

Let f, f' € Z"(G, a, K). We say that f and f’ are cohomologous if there is g € C" (G, a, K) such that
f=f'(6"g). In this case, [f] = [f'] in H"(G, o, K).

An n-cocycle f is called normalized if

f(l,xl, ) mn—l) = f('rla 1, ~--7-T'n—1) == f(xla sy Tp—1, 1) = 1:81 1x1x2---1x1...xn,17
for all z1,x0,...,2,_1 € G.
Remark 3.6. Any partial 1-cocycle ¢ is normalized. Indeed, we have aw(aylel)agylaaj = 1314y, for all

z,y € G. In particular, taking z = y = 1, we obtain 07 = o1, which implies that o1 = 1. Therefore, o is
normalized. By [20, Remark 2.6] if 0 € Z%(G, «, K), then there is a normalized & € Z2(G, a, K) such that
o =5 (8'B), for some 3 € CY(G,a, K). Therefore, o is cohomologous to a normalized partial 2-cocycle.

Observe also that by [20, Remark 2.6], if o0 € Z2(G, , Z), then there exists a normalized & € Z2(G, a, Z)
such that o = 5(8'3), for some 3 € C'(G, a, Z). Hence, o is cohomologous to a normalized partial 2-cocycle.

3.2. Unital partial representations G — PicS(R)

Consider a partial representation

©: G —> PicS(R)
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of a group G into the monoid PicS(R). For each = € G fix a representative 0, of the isomorphism class
O(x) € PicS(R), i.e. O(z) = [0,]. We say that O is unital if [e,] = [0,][0,-1] = [R1], where 1, is a
central idempotent of R, for all z € G. Thus, there is an R-bimodule isomorphism 60, ®g ©,-1 ~ R1,, for
all x € G. In the following auxiliary fact we gather some isomorphisms involving ©, for further use.

Lemma 3.7. Let © : G — PicS(R) be a unital partial representation with O, @r O,-1 ~ Rl,, (x € G).
Then, for all x,y € G, we have the following R-bimodule isomorphisms:

(i) ©; ®r Rl, ~ Rl @r O4. In particular,
Rl, ®r O, ~0, and O, ®r Rl,-1 ~0O,, forallx € G. (14)
(ii) O, r @y ~ Rl, ®gr ®a:y and O, Qg @y ~ @g:y XRnr Rly—l,
(iii) O, Qr @y RORr @(xy)—l ~ Rlajlmy,

(iV) O, g @y ~ 0, Qg @y ®R Rly—1$_1,

Proof. Ttem (i) is a direct consequence of (9), whereas (ii) follows from (11) and (12). For (iii) we have

(ii
O, Rgr @y QR @(g;y)—l 2) Rl, ®gr @xy QR G(zy)_l ~ Rl, ®r Rlyy ~ R1,1,y.

As to (iv):

O, ®r @y KRR R1y71171 ~0,r Gy Xr @(zy)—l QR exy ~0,Qr @y KRR @y—l ®RRr O,-1 QR ny
~ 0O, ®r @y ®r @y—l ®RO,-1 ®r O, AR @y ~ 0, ®r Rl, ®r R1,-1 ®r @y
~ 0, Qg R, ®RR1y®R@y:@w ®R@y- O

Using the isomorphism in (4), and (i) and (ii) of Lemma 3.7, we have:
1,y0; ~ 0,1, and O, ®r O, ~1,0,,, foralz,yedG, (15)
as R-bimodules. In particular,
1,0, ~0, and ©,1, 1 ~0O,, (16)

Lemma 3.8. Let © : G — PicS(R) be a unital partial representation with €, = ©, Qg ©,-1 ~ R1,, where
O(x) = [0,] for all x € G. Then,

Uzply = Loyugly = loyug, forallx,y € G and u, € O. (17)
In particular, 1,,0, = 0,1y, for all z,y € G.

Proof. By (15) there exists an R-bimodule isomorphism ky , : ©;1; — 1;40,. Given u, € O, there is
vy € Oy such that kg y(uzly) = 15yv,. Then

Koy (laytaly) = loyvs = Koy (Ualy).

Since kg, is an isomorphism, then 1,,u;1, = uz1l,. On the other hand, there exists v, € ©, such that
fipy(laytiz) = v,1, and
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H;,zlJ(lw“wly) =l = K‘;L(lwyuw).

Thus, 1;yuz1y = 154Uz Therefore,
Uply = LoyUugly = Lyyuy, forall u, € ©,. O
It follows from Lemma 3.8 that
l,u, =u, and wugl, 1 =uy, forallz € G,u, € ©,. (18)

The maps Rl, ®p 0, ~ 0, and O, ®r R1,-1 ~ O, defined via the right R-action and the left R-action on
O, respectively, are isomorphisms. Thus, ©, is a unital (R1,, R1,-1)-bimodule and there exist R-bimodule
isomorphisms

Te 10, Qg O,-1 — Rl, and 7,-1:0,-1 Qg O, — Rl,-1. (19)
Note that ©, ®r O,-1 = O; ®r1,_, O,-1 as (Rl,, R1,-1)-bimodules. In fact, by (18)
UgT @RI,y Up—1 = Ugly—1T QR1__y Up—1 = Ug ORIy T1p-1Up—1 = Uy QR1__, TUz-1,

for all u, € ©,,u,-1 € ©,-1 and r € R. Thus, we can choose the isomorphisms 7, and 7,-1 such that
(R1;,R1,-1,0,,0,-1,7,;,7,-1) is a Morita context, that is, 7, and 7,1 satisfy:

To(Ug @ Up—1) Uy = UpTp—1(Up—1 @ ul) and Tp—1 (Up—1 @ Uy )ul 1 = Up—174 (Uy @ ul—1), (20)

for all u,,u), € ©,. For simplicity, we write 7,(uy ® uy—1) = Uzply—1, where u, € O, and uy-1 € Oy-1.
Thus, by (20) we have the associativity:

Up U1y = (Ugty—1 ) Uy = Uy (Up—1ul,) (21)
for ug,u!, € ©, and u,—1 € Oyp-1.
Lemma 3.9. For all u, € O, with x € G, and r € Z, the following equality holds:
(g (U Uy =1 ) U1 VU TU ()1 = (Ui (U Uy =1 ) Uiy ) Uy Uy gy —1 - (22)
Proof. Firstly, by (15) we have
0, ® 0, ®O(yy)-1 =~ Rly ® Oy @ Oy = Rl ® Rlyy ~ Rl 1y,

Let ¢ be the composition of the above R-bimodule isomorphisms. For each r € Z we have rp(u, ® uy ®
U(gy)—1) = P(Ug @ Uy @ U(gy)—1)7. Since ¢ is R-bilinear, it follows that

Oz ® Uy @ Uizyy—1) = @(Uz @ Uy @ U(zy)—17).
Moreover, since ¢ is an isomorphism, we have
TUy @ Uy @ U(gy)—1 = Uz @ Uy @ U(gy)-17 (23)

for all » € Z. Now, note that
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(g (U Uy =1 ) Uy =1 ) Uy TU ) =1 = Ty (T (U Ty (Uyy @ Uyy=1) @ Up—1 Uy @ U(yy)—1).-

Rewriting the right-hand side of the above equality and using (23), we have

(U (Uy Uy =1 YUy =1 YUy TU ()1 = Ty (T (U Ty (U @ Uyy—1) @ U1 ) Uy T @ U)—1)
= [Txy o (T ® Opy ® 6(a:y)_1) 0 (0, ® Ty @01 ® Oy ® @(wy)—l)]
(Uz ®@ Uy @ Uy—1 @ Ug—1 @ UgyT @ U(zy)—1)
= [Tay © (T2 ® Ouy ® O (4y)-1) 0 (05 @ Ty ® Oy-1 ® Oy ® O (yy)-1)]
(e @ Uy @ Uy—1 @ Up—1 @ Ugy @ U(gy)—1)
= Ty (To (Ua Ty (UyT @ Uy—1) @ Uy—1)Usyy @ U(zy)—1)
= (U (Uy Uy =1 ) U1 YUy U(ggy—1. O
For the rest of this section, we will fix a unital partial representation © : G — PicS(R) with O(x) = [©,]
and €, = O, ®g ©,-1 >~ Rl,, for all x € G. Denote by sz R Wy-1 € O R O,-1 the inverse image of
(z)
1, under the isomorphism 7., that is, szwx_l =1,.
(x)

Lemma 3.10. There is a group homomorphism

—

-)

AutR,R(ly@x) — Z/[(Zlmly)
o — O,
where
G=Y o(lyws)wy1. (24)
(2)
Moreover,
o(lyug) = oug, for all u, € O,. (25)
Proof. Firstly, since o is R-bilinear, we have
0 (Lyta)ty—1050,—1 = 0(1yUpty—105) 0,1, (26)

for all u,,v, € ©,. Let us check first that ¢ does not depend on the choice of the decomposition of 1. Let
Z@w@fl = 1, with @, € ©, and @W,-1 € ©,-1, be another decomposition of 1,. Then by (26)
()

o= Za(lywm)wm_l = Za(lywx)wm_l 1, = Z 0 (1ywy )wy—1 Wz, —1
(z) (x) (z),()

= Y o(lywawe1B2) T = Y 0(Lyleln)Tor = Y 0(1Ly@g)@-1.
(2),(7) @) @)

Clearly 0 € R1;1,. Now, for r € R:, using the previous argument, we have
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or = Za(lyww)wrw = Zo(lyww)wzarlx = Zo(lylmr(@)&mfl = Zra(lyﬁw)ﬁmq =ro.
(x) (z) (@) (@)

Thus, 0 € Z1,1,. It remains to verify that ¢ is an invertible element of Z1,1,. Given oc-le Autr_r(1,0,),
take o= € Z1,1,. Then

ool = Z o (Lyws)we—10" (1,0, ) g1 = Z o(1ywewe—10" (1,0 )0y
(z),() (x),(F)

=Y o1yl (1y@2) o = 3 0(07 (1yB2)) @yt = D Ly@aly—1 = 1y 1.
@) @) @)

Analogously, =10 = 1,1,. Therefore, 0 € U(Z1,1,).
Moreover, if u, € ©,, then:

Ty = Za(lyww)ww‘luf = Zo(lywwww—lum’) = o(1ylaus) = o(lyug),

() (w)
and (25) follows.
Given 0,7 € Autp_g(1,0,), we have

oy = Z 0(1ywg)wy—17(1yWy )Wy-1 = Z 0 (1ywawz-1v(1y@y ) )wy—1

(%),() (2),(F)
= 0(Ly Ly (@) Fp-1 = D 0(Y(1y@,))@y-1 =7 07

(%) (@)

Therefore, (/—v) is a group morphism.
Now, given r € U(Z1,1,), consider the map

or: 1,0, — 1,0,,
Vp > TUg.

Clearly o, is right R-linear. Since r € Z then o, is left R-linear. Indeed, if ' € R, then
or(r'vg) = 1r'vy = r'rvg = 1o (vy).

Let r—! be the inverse element of r in Z1,1, and let o,-1 : 1,0, — 1,0, be defined by o,-1(u;) = r~tu,.

Given v, € 1,0,, we have that
or-1(0p(v)) = 0p-1(rv,) = 7“71(7”%) = (rilr)vx =1,1,v; = v,.

Analogously, 0, (c,-1(vs)) = vy, for all v, € 1,0,. Thus, o, is a bijection with o, ! = ¢,-1. It follows that
or € Autr_r(1,0,). Notice now that

o, = Za,«(lywx)wxﬂ = Zrlywxwfl — 1l =
() (z)

Therefore, (j) is onto. Let v,0 € Autr_r(1,0,) such that ¥ = . For any v, € 1,0, by (25) it follows
that

Y(vg) = v = oV = o (vy).
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Thus, v = o and, consequently (—) is injective and, therefore, it is a group isomorphism. O

Proposition 3.11. Let D, = Z1, be the ideal of Z generated by the central idempotent 1, and let o, :
D,—1 — D, be defined by

= warwrl.
()

Then, a = (Dy, ) zec s a partial action of G on Z.

Proof. First, let us check that o, does not depend on the choice of the decomposition of 1,. Let Z Wply—1 =
(%)
1, with @, € ©, and &,-1 € O©,-1, be another decomposition of 1,. Given r € Z, using (18) and (21), we

have

2(rly—1) g WelWy—1 = WeTWg—11y g W T Wa—1WgWg—1
(2) (2),(2)

rez ~ ~ ~ o~ 18)
= E WalWg—1WaTWy—1 = g lawerw,—1 = Wy TWy—1.

(2),(@) (z) (@)

Now, for r € Z and for any r’ € R, we see that

gz (rly-1) E WapTWy—17 = E WapTWy—11yr" = E WaTWy1T W01

(@) (z) (2),(&)
e Z WyWy—17 Wy Wy—1 = le,r,a:cr&z*1 = Zrlfuxr&zﬂ =7z (rly-1).
(z),(@) (&) @)
Thus, a;(rl;-1) € Dy = Z1, and oy is well-defined. Let }° ;) W,-1 ® W, € O,-1 ®p Oy be the inverse

image of 1,-1 under the isomorphism 7,-1, that is, wa_lwm =1,-1. Given r € D,, we have
@)

— _ _ _ rez _ —
(g 0oaz—1)(r) = ay g Wy 1TW,, | = E WeWy—1TWpWy—1 = g PWpWy—1W0pWy—1
T (z),(T) (x),(T)

= erxlrflwz—l = erxwrl =rl,=r.
() (2)

Analogously, given r € D1, we obtain (a,-1 o a)(r) = r. Therefore, a; ' = a1
For r,s € D, we see that

o (r)ag(s) = Z W T Wy —1 Wy SWy—1 = Z W T S8Way—1WgWy—1
(2),(Z) (%),(T)

= E WeTSWy—11, = E WaTSWy—1 = iz (18).
x

()

Thus, ay is a ring isomorphism.
Write 1,-1 = Zquwy. Given r € Dy N D,-1, using (17), we obtain
@)

r)= Zqurwy = Zqurlzflwy = Zqurwyl(xy)q € D(xy)—l.

@) ) )
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Hence, ay,-1(Dy N Dy-1) € Dyyy)-1. Using again (17),

11y = szwx_llmy = szlywx_l = Z We (WyWy—1)wg-1. (27)
(z) (=) (2),(v)

Write Z WayW(zy)—1 = Loy and take r € Dy—1 N Dyyy-1. By (22) and (27) we compute

(zy)
reD, (17)
Oéxy(’(’) = wayﬂd(zy)—l = leywxyly—lr(JJ(zy)—l :I Zlmylxwwrw(my)fl
(zy) (zy) (zy)
2D Z (Wa (Wyy 1)W1 )Way TW(zy)—1 = Z (Wa (WyTwy—1 )Wy —1)WayW(zy) -1
(2), (), (2), (1),
(zy) (zy)

(in)
= Z (W (Wyrwy—1)wy—1)14y = Z (wWa (wyrwy-1)1yw,—1)
(z),(v) (z),(v)

= Z (Wa (Wyrwy—1)wy—1) = @z 0 ay(r).
(),(y)

Therefore, o = (D, a;)ze is a partial action of G on Z. O

Lemma 3.12. Let o = (D,, ;) be the partial action of G on Z constructed in Proposition 3.11 and M an
R-bimodule. Then:

(i) For all uy € ©4 and r € Z we have
g (rlp—1)uy = ugr. (28)
(ii) If M|©,, then for allm € M and r € Z, we have
0z (rly—1)m = mr (29)
Proof. (i) Given r € Z and u, € O, by (18) and (21) we have

gz (rlyg—1)u, = Z(wwrwzq)um = wawmquzr = 1 Upr = UgT.
(2) (2)

(ii) Let f; : M — O, and g; : ©, — M, i = 1,2,...,n, be R-bimodule morphisms such that >."" , g;f; =
Idys. Given m € M and r € Z, using (28) we obtain

mr = i(fi(m))r = i(film)r) = iz (rly-1) fi(m))

= Z az(rly-1)gi(fi(m)) = az(rly—1)m. O

We denote by H3(G, a, Z) the group of partial n-cohomologies, where « is the partial action induced by
the untial partial representation ©.
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We shall define now a partial action of G on PicS(R). Let X, = [R1,]PicS(R)[R1,] and

ar s Xy — A,
[P] +— [0,3rPQg0O,-1].

It follows by Proposition 3.3 that a* = (X, «%) is a partial action of G on PicS(R). Observe that if
[P] € PicSz(R), then by Corollary 2.12, we obtain that P®gR1, ~ R1,®rP, as R-bimodules, for all z € G.
Hence, [R1,] is a central idempotent in PicSz(R). Moreover, if [P] € PicSz(R), then [0, @ PRrO,-1] €
PicSz(R). Indeed, it is enough to verify that ©, @ P ®p O,-1 is also a central Z-bimodule. Let p € P,
Uy € Op,ug—1 € O,—1 and r € Z. Since P is central over Z, using (28) we obtain:

Uy @P @ Ug—1T = Uy @P® 1 (rly)Up—1 = Ugz—1(rly) @ P Up—r

=1l QPR Uy-—1 =Ty QPR Ugy—1.

Thus, restricting the above partial action to PicSz(R), we have that X, = PicSz(R)[R1,], i.e. X, is the
ideal in PicSz(R) generated by the central idempotent [R1,]. Furthermore,

o PicSz(R)[Rl, 1] — PicSz(R)[RL.],
[P][R1,-1] — [0, ®r P®rO,-1]

is well-defined and, consequently, o = (X,, ) is a partial action of G on PicSz(R).
The subsemigroup of invariants of PicSz(R) is given by

PicSz(R)* = {[P] € PicSz(R); ©, ®r P~ P®g O,, for all z € G}. (30)
Indeed, [P] € PicSz(R)*", if and only if % ([P][R1,-1]) = [P][R1.], for all x € G. It follows that

[P] € PicSz(R)® < 0, ®r P®r O, 1 ~ P®p Rl,, Ve G;
&0, PRrO,-1 ®r 0, ~ PRz Rl, ®r 0,, Vx € G,
&0, r POrRl, 1 ~P®RRrO,, Vred;
& 0,rRl,-1 r P~ PRr0O,, Vread;
& 0,rP~P®r0O,, zed.

3.3. Partial generalized crossed products

Let

©: G — PicS(R),
xr O],

be a unital partial representation with ©, ® ©,-1 ~ Rl,, for all x € G. By (15) there is a family of
R-bimodule isomorphisms

f@={f8,: 0,80, — 1,0,,, z,y € G}. (31)
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Following [23], we say that f© is a factor set for © if f© satisfies the following commutative diagram:

0.0f, .
0, Rr @y RrO, ———— 60, Rr ly@yz ES 19cy®x Xnr @yz (32)
f:)-,y®ez l lfa(?,yz

[}
foye

Let f© = {ff?y 10, ®r Oy — 1,04y, 2,y € G} be a factor set for ©. The set A(O) = P, O with
multiplication defined by

Uy (5) Uy = fgy(uz ®Uy) S ]-z@a:yv Uy € @Iauy € @y’ (33)

is called a partial generalized crossed product.

Proposition 3.13. Let © : G — PicS(R) be a unital partial representation with e, = ©, Qg O,-1 ~ Rl,,
for all x € G, and let f© = {ff)y 10, ®r Oy — 1,04, z,y € G} be a factor set for ©. Then, the partial
generalized crossed product A(O) is an associative ring with unity and R ~ ©1 is a subring of A(O).

Proof. The commutativity of (32) implies the associativity of the multiplication in A(©). It is easy to see
that ©; is a subring of A(©) since fl(?l : 91 ® 07 — O is an R-bimodule isomorphism. Let j : R — ©1 be
a R-bimodule isomorphism; it exists because © is a partial representation and [©1] = [R]. Write v = j(1).
Then ©; = j(R) = Rv = vR and

ro=rj(1) =j(r)=j(1)r =ovr, forallr € R.

Let ¢ € R be such that fle)l(v ® v) = cv. It is easy to see that ¢ € U(Z). Denote u = ¢ 'v € ©1. Then

ru=rc v =c tur = ur, for all r € R and

fﬁ)l(u ®u) = fﬁl(c_lv ®c o) = c_lff?l(v @v)ct =ctewe™ =ve! = (34)
Let ¢ : R — ©1 be the R-bimodule isomorphism defined by ¢(r) = ru. Given r,7’ € R we have

u(r) S ur') = ffl(ru ®r'u) = rr'f% (u®u) 34 rr'u = o(rr'),

S0, ¢ is a ring isomorphism.
Finally, we check that +(1) = u € ©1 is the unity of A(6). Let u, € O,, z € G. Since [P, : 01 ®r O, —

O, is an R-bimodule isomorphism, there is Z?Zl ur; @ ul = u® Uy € O1 g O, where U, = 2?21 ;U
such that fP,(u® Uy) = ug. Then,

i
€T

(

(w8 ug) = fO,(u®uy) = 0, (u® fE,(u®T) = (O (uew) © ) Z [0, (ue ) = u,.

Analogously, since fﬁl : 0, ®r ©1 — O, is an isomorphism, we have (u, 3 u) = uyg, for all u, € ©,.
Therefore, v is the unity of A(0). O

We identify R with ©; and 1 with «(1) = u € ©1, via the ring isomorphism ¢. Then, R C A(O) is an
extension of rings with the same unity.
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Remark 3.14. Let A(O) be a partial generalized crossed product, ¢ : R — ©1 an isomorphism of rings and
R-bimodules and ¢(1) = u € ©1 be the unity of A(©). Then, the following diagrams are commutative:

~

R®gr O, = 0, and ©,®r R

O,
(35)
L®O, ff—):c [SH= fgl

O, ®r 6, 0, ®r 61

Indeed, given r € R and u, € ©,, we have

(ffe 0 (1@ O0)(r®ug) = [ (u(r) @ ug) = rfy(e(1) ® uy) = rug.
The second diagram is analogous. By (35), we can write

o )
Uy OT =Upr and 70 Uy =TUy, Vu, € O, and r € R. (36)

Proposition 3.15. Let f© = {ff?y 10, QRO — 1,04y, x,y € G} be a family of R-bimodule isomorphisms
which satisfies the commutative diagrams (35). Given x,y, z € G, define an R-bimodule isomorphism By, -
1212yOpy> — 1414y Oqy. via the commutative diagram

12,00.
@x ®R @y ®R 62 lx@zy ®R @z

0.1, J/ J/ff’y,z

lxy@x QR @yz 1x1xy®wyz

\ 7
—
~
-
)
fm,yz - - Ba:.y,z

that is,

ﬁxyyyz ofa?yz ° (@CE ® fg?,z) = xey,z O( gy ® @Z)v v T, Y,z € G (37)

Then,

Bo__ . GxGxG — UZ)

——

(x, Y, Z) L Bm,y,z

—~

s a normalized element of Zg (G,a, Z), where EK\; is defined as in Lemma 3.10. Furthermore, if _ _ _ €
B (G, o, Z), that is, if there exists o_ _ : G x G — U(Z), with 05, € U(Z1,1,,) and

—_~—

Bry,» = am(oy’zlw—l)a;yl’zam’yzag;é, for all z,y,z € G, (38)
then the family of R-bimodule isomorphisms

gy 0, ®r0, — 1,0,,,
Uy @ Uy — — o*z,yfgy(uz ® Uy)

is a factor set for ©.
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Proof. Since ;.. € Autr_r(1;13yO4y-), Lemma 3.10 implies that E;;/Z EU(Z1,15ylayz), forallz,y, 2 €
G. Write 2, (ue ® uy) = (ug S uy). By (37) we have that 35, »(us S (uy S uz)) = ((ug S Uy) S u,), for all
Uy € Oy, uy € Oy and u, € O,. Since (u, 3 (uy 3 U)) € 1;15yO 4y, then by (25),

Brge (i © (1 © 1)) = ((ug © ) © ). (39)

Let z,y,2,t € G e uy € Oy, uy € Oy,u, € O, and u; € ©;. Then,

e e e (39) =—~— —— 0 —— e e
(((uz 0 uy) o uz) o ur) = Buy2Buyzt(Us 0 Byzt(uy o (uz 0 ur)))
(28) —~— —— e e

) —— e
= Bry,zBeyzt0(By,ztle-1)(Uz © (uy 0 (uz © uy)))

(39) —~———— — —1 -1 © e e
= Buy,2Buyet0a(Byztle-1)Bryzt Buyzr (s 0 uy) o us) o ug).

Thus,

o o e~ —~—— —_— 1 ——-1 [e) [e)
o

@ —_——
(((ux © Uy) © uz) © ut) = 6ﬂc,y,zﬂac,yz,ta:c(By,z,thc*l)Bm,y,zt 5xy,z,t (((uac © uy) © uz) ut)7

for all u, € O4,uy € Oy, u, € O, and u; € ©,. Write

1y = Z(ww S We-1),1y = Z(wy S Wy-1),1, = Z(wz S w,-1)and 1; = Z(wt S Wi=1),
() (¥) (2) (®)

where w; € Oy, for all | € G. Then,

o o o e~ —~—— —~— —_— 1 -1 [c) [c) [c)
((wz © wy) © w2) 0 we) = By 2Bu,y2,40a(By,2t1a—1)Bey,st Bayzt  ((Wa 0 wy) 0 wz) o wy).
Applying f?yzt ,—1 and using (39) we obtain:
- (€] e €] (€]
Bmyz,t,t*l(((wx © oJy) © wz) o (Wt o wtfl))
e~ ——— e~ e~ 11— -1 —— e e e e
= ﬁx,y7zﬁw,yz,taw(By,z,tlz*1)Baz,yyzt 6wy7z7t /Bﬁyz,t,tfl(((wit o wy) o wz) o (wt o Wtfl))-

—_— 1

Multiplying by Bwy‘z’t’t—li , summing over (t), using the commutativity of (35) and (17), we compute:

e~ ——— —_— 1 ——-1 <)
o

o o — e)
1xyz1xyzt(((wx ° wy) ow,))ly = 6m,y7zﬂx,yz7t0x(By%tlz*l)6ﬂc7y7zt Bay,z,t (((wz © Wy) w)) 1
[e) o e~ —~—— e~ —~— =1 —— -1 Ie) e}
Loyzlayzilayze((We © wy) © W2)) = Bay,2B,y2,t00(By,zt1a-1)Bay,zt - Bayzt  Layzt((we 0 wy) 0 w2))

e~ ——— —— 1 o o

o [e) o~ -1 —~— —
LoyzLoyzt ((We © wy) 0 W2)) = Bay,2Be,yzt(By 2.t 1a-1)Bryzt Baeyzt  ((We 0 wy) 0 w,)).

Repeating the same argument for z,y, z, we get:

-1 —~-1

— —
ﬁr,y,zﬂx,yz,tax(By,z,t]-a;_l)Br,y,zt 5zy,z,t = lxlmylzyzlzyzt7

for all z,y, z,t € G. Hence, ﬁ_/_\_/_ € Z3(G,a,2).

Let us check that S_ _ _ is normalized. Taking x = 1, we obtain using (39) and the commutativity of

the diagrams in (35), that ﬁflvyz(ruy S Uy) = (Tuy S u,), for all r € R, u, € O, and u, € ©,. Putting r =1
and following the above argument, we conclude that 51 , . = 1,1,.. Analogously, we obtain
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—_—~—

B,z =lales € Baoyi = lalay, forall z,y,z € G.

Therefore, B_/_\_/_ € Z3 (G, a, Z) is normalized.
We now verify that f© = {f@y, x,y € G} is a factor set for ©. Let z,y,z € G and u, € O4,u, € Oy, u, €
©.. Then,

7O, (e ® FO.(uy ® ) = 0uyeluy © 0y (uy © us))
@ e (0ys Lot (s & (1, S us))
= Guyz0a(0y2 o) B (1 © 10y) © u2)
e Opy,20m,y((Usp S Uy) S Uy)

= 72;,2( ;(?,y(ul’ ® uy) ® ’U,Z).

Consequently, f© = {fgy, x,y € G} is a factor set for ©. O
The next fact follows from the proof of Proposition 3.15 and (29).

Corollary 3.16. Let T : G — PicS(R) be a unital partial representation with T, ®rT,-1 ~ R1l, and I';|O,,
for all x € G. Let, furthermore, f'' = {f};y T, el — 1Ty, € z,y € G} be a family of R-bimodule
isomorphisms which satisfies the commutative diagrams in (35) and let B};%Z 1 1315yO0y, — 151,404y
be an R-bimodule isomorphism such that

g,y,z o aEyz ° (Fw ® f;g,z) = gy,z O( aEy ®Fz)7 v T,Y,2 € G.

—_~—

Then Y _ _ € Z&(G, o, Z).

The next result establishes the uniqueness of the class in HZ (G, a, Z) of the 3-cocycle given in Corol-
lary 3.16.

Proposition 3.17. Let T’ : G — PicS(R) be a unital partial representation with T'y ® g T'y-1 ~ R1, and
[0, for all x € G. Let, furthermore, f& = {f};y Ty @r Ty — 1,14y, z,y € G} be a family of

R-bimodule isomorphisms which satisfies the commutative diagrams in (35). Then the class [~ _ ] in
Hg(G, a, Z) does not depend on the choice of the representatives in [[y], nor on the choice of R-bimodule
isomorphisms fT.

Proof. Let Q, € [I';]. Then there exists an R-bimodule isomorphism a, : 0, — T, for each z € G. Let

fQ:{fngJ: ®RQy —>1$sz7 x,yeG}, fF:{fi—:yI‘z ®Rry —>la:ra:y; Jf,yEG}

be families of R-module isomorphisms which satisfy the commutative diagrams in (35), and let ﬁg_,_ and

ﬁf’,’, be the 3-cocycles associated with f and f', respectively. By definition, we have that

iz,y,z o :?,yz o (QI ® fygfz) = :?y,z © ( :J?,y ® QZ) and Bg,y,z © :E,yz o (FI ® f;z) = al:y,z o ( :E,y ® FZ)

Denote by by 4 : 1,05, — 158, the R-bimodule isomorphism defined by the commutative diagram
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Q
foy

\
az@ay l | ba,y
I'. ®gr Py ]-ancy

1;8ny
that is,

Q _ T
Ay © by gy 0 foryy = I’yO(aI(X)ay), Vax,yedG.

Let l;;; € U(Z1,1,,) be the image of b, , under the isomorphism of Lemma 3.10. By (25) we obtain that

I;;;,tzy = by,y(1gtay), for all t,,, € Q. Writing ffy(tx R ty) = (ta 8 t,) and fgfy(vz ® vy) = (v 6 vy), we
have:

0 (ts 0 (ty 0 t.) = ((ta 0 t,) S £2), (40)
ﬁg,y,z(vw g (Uy gUZ)) = ((Uac gvy) g Uz)> (41)
b ytay(te 6 ty) = (az(ts) & ay(t,)). (42)

Given z,y,z € G and t; € Q,,t, € Qy,t, € ), we compute:

Q Q (42) 71 Q r
Azyz((tz 0 ty) 0 t2) = bwyl»Z(awy(t oty) o a.(t:))
(42) 727 r r
= bzylzb y((az(ts) o ay(ty)) o a(t.))
(41) Ty T o T r
= bI?}ﬁzbm’?lJﬂg,y,z(az(tr) o (ay(ty) o a(t:)))

(42) Y i ro—
= bxz},zbz,bﬁg,y,z(az(tx) 0 by, ayZ(t O t.))

_ NN —_— T Q
- bTylsz yﬁw Y, 2 (by@’lx*l)(aiﬂ(tﬂ?) o ayz<ty o tz))
(42) 77 i — — Q Q
=" by 202 yBL 0 (by 2 1-1)bg 2ty (tz © (ty o L))

bwylzb 7yﬁz v,z (byyzlw—l)br,yZBa?,y,z Ay ((tz 0 ty) © t.)

— -1

_ _ T N Q Q
= Gayz(bzy2bayBh y 200 (by 2 1o-1)bo B2, . ((to 0 ty) 0 12)).

(40)

Since gy, is an isomorphism, it follows that

Q Q P L N/a‘/_l Q Q
((tz 0 ty) ot,) = bry,zbr,yﬁx,y@aw(by,zlﬂfl)bw,yzﬁm7y,z ((tz 0 ty) ot.),

for all t, € Qg,t, € Qy,t. € Q.. Using the same argument of [24, Lemma 4.3], we conclude:

e~ ___ . |

b;yl,zb;é;ﬁg,y,zax(by,zlrl)bx,yzﬁa?,y,z = lolaylay:.
Hence, 8%, . = wyzb;ylzb 7yaz(@;1w71)b/w\; = gL yz(52b, _)(z,y,z), where bj: :GxG—=UZ) and

by, € U(Z1,1,,). Consequently, B ]=[8"_ _]in H}(G,a,2). O
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We proceed with the following technical fact.

Lemma 3.18. Let ©,Q,T : G — PicS(R) be unital partial representations with T'y|0,, Q:|0, and Q, Qr
Q1 2T, @prTo1 ~ 0, ®r O,-1 ~ Rl,, for all x € G. Let, furthermore, f© = {ff)y 10, ®r 0y —
1,04y, x,y € G} be a factor set for ©, let

fF:{fgg,y:Fx Qr Ty — 1.1y, z,y € G}, fQ:{fg?,ny QR Qy — 1oy, r,y € G}

—_~—

be families of R-bimodule isomorphisms which satisfy the commutative diagrams in (35) and let ,6’3’7’7, and

B2 _ _ be the 3-cocycles in Z2 (G, o, Z) associated to f* and f, respectively. Then,
= S}

A: G — PicS(R),
A — [F:D@R@x—l@RQ:E]

is a unital partial representation with Ay @ g Ay—1 ~ R1, and A,|©, for all x € G. The 3-cocycle associated
with the family of R-bimodule isomorphisms f» = {f;\y Ay ®Qr Ay — 1:Agy, z,y € G} defined by

F:c ®R 91*1 ®R Q:c ®R Fy ®R Gyfl ®R Qy

\ Fz®Tem_1 80 Ty®O, 1 (219
\
\

\ Fa: ®Rry XR @yfl ®Rr @zfl ®RQ$ Xr Qy
A
° lf;y®f§)1)m1®fﬂy
N
N
N N lexy KRR lyfl@(zy)fl R 1$Qxy

N
~

T 1zrzy R @(acy)_1 Or Qa:ya

is given by Bﬁfﬁ = [ _ 769’7’7, where T_ _ is the isomorphism from Proposition 2.10. If fI' and f%
are factor sets for T' and Q, respectively, then f* is a factor set for A and A(A) is a generalized partial
crossed product.

Proof. Clearly A; = R. By the above diagram there is an R-bimodule isomorphism A; ®p Ay ~ R1, ®rAgy,
where z,y € G. In particular, A, ®g A,—1 ~ R1,. Moreover, it is easy to see that A, ®g Rl,—1 ~ A, ~
R1, ®r Ay and A, ®r R1, >~ Rl,,A,, for all z,y € G. Then,

Ap-1 @r Ny @p Ay ~ A1 @r R1, @p Mgy = Ay @R Mgy
On the other hand,
A ®p Ay @R Ay1 ~ Rl @r Ny @R Ay ~ Apy Qr Rly1 @p A1 = Ay @ A1,
Thus, A is a unital partial representation. Since I';|0, and Q,|0,, then A, ~ T, ® O,-1 ® Q,|0,, for

all x € G.
By definition,

B (0,0 (v, 00.)) = (v 00y) 0v.) and B2 (w, S (w, 6 w.)) = ((wy 6 wy) & ws),
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for all v; € T'; and w; € Q;, i € G. Using [28, Lemma 1.4] it can be seen that
B;’yvz 3?»1/72 °© 3/5\792 °© (AI ® f?j\,z) = a/c\y,z o ( 3/7\4/ ® AZ)? T,Y,2 € G.

In particular, if fU is a factor set for I" and f* is a factor set for Q, then ' and 5% are trivial, thus g 3%
is trivial too. Therefore f» is a factor set for A. O

Definition 3.19. Let A(©) and A(T") be partial generalized crossed products with R-bimodule and ring
isomorphism i : R — ©; and j : R —> T';, respectively, as in Remark 3.14. A morphism of partial
generalized crossed products F': A(©) — A(T') is a set of R-bimolude morphisms {F,, : 0, — T',,z € G}
such that F} oi = j and the following commutative diagram is satisfied:

[S]

z,y

0, ®p Oy —————— 1,0, (43)

F,QF, l \L Fyy

', ®r Fy ﬁ' 1asra:y

z,y

A morphism F' of partial generalized crossed products is called an isomorphism if each morphism F,, :
0, — I'; is an R-bimodule isomorphism.

We denote by [A(Q)] the isomorphism class of the partial generalized crossed product A(€Q).

Remark 3.20. If F = {F, : ©, — T',, « € G} is a family of R-bimodule isomorphism satisfying the
commutative diagram (43), then F' is an isomorphism of partial generalized crossed products. Indeed, it is
enough to show that Fy oi = j. It follows from Remark 3.14 and the commutative diagram (43) that the
following diagram is commutative:

1RO, Fi1QF,
R@pO, ———= 01 @0p 0, ——= 1 @I,

~ J®I'y

O, - I,

R@R ]‘_“L

Given v, € I'y, there is u, € O, such that F,(u;) = vy. Then (F1(i(1)) 5 F,(ug)) = Fy(uy), that is,
(Fi(i(1) 6 vx) = va, forall v, €T,
On the other hand, the commutative diagram

0,®1 F,®F, I.®j
0, ®r0; ———— T, ®@r I

O, |
F

@a: ®RR

Faz ®RR

implies that (v, 5 F1(i(1))) = vy, for all v, € T'y. Thus, F(i(1)) = j(1) is the unity of A(T"). Therefore,
Foi=j.
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Remark 3.21. Let © be a partial representation and f© = {fw@y 10, ®r Oy — 1,04y, z,y € G} a factor
set for ©. For each = € G, we have an R-bimodule isomorphism fw@,zq :0,®r60,_1 — R1,, whose inverse

1S

(f?z,1)71 . Rl, — ©O,®r0,-
rl, — erx R wWy-1,
(z)
where Z({‘% 3 wy—1) = 1,. Restricting, we obtain an R-bimodule isomorphism 1, fy’(my),l 11,0,y ®r
(2)

O (gy)-1 — R1;14y. Denote 1, = Z(wz S wy-1) and 1, = Z(wy S wy-1). Then, by associativity, we have
(=) ®)

S (o 8wy) 8wy Swa)) = 37 (wa € (wy Sewym1) S
(%),(y) (2),(y)

= Z(wzly 9 Wy—1) = Z Loy (wg gwx—l) = 1yl
(z) (z)

Thus

)

(1mfg)y_1w_l)*1: Rll,y — 1,04 QR Oy

rlzlyy, +— Z r((wa S Wy) ® (wy—1 S We-1)).
(@)(y)

3.4. Unital partial representations G — Sgr(S)

As we have seen in Section 3.3, if © : G — PicS(R) is a unital partial representation such that we have
a generalized partial crossed product A(©), then R C A(©) is a ring extension with the same unity. In this
section we shall see how to obtain a generalized partial crossed product from a ring extension and a certain
partial representation.

Let R C S be a ring extension with the same unity element. Denote by Sgr(S) the set of the R-
subbimodules of S. Given M, N € Sg(S), define the product:

k
MN = {Zmn m; € M,n; € N}.

i=1

With the above operation Sg(5) is a monoid with neutral element R.
A partial representation

©: G — S8gr(9),
r — 0O,

will be called unital if e, = ©,0,-1 = R1,, where 1, is a central idempotent in R, for each z € G. The
equality 0,0,-10, = 0., (x € G), implies that R1,0, = ©, and ©,R1,-» = O,. Hence 1,u, = u, and
Uply—1 = u,, for all u, € O, and = € G. Furthermore, if M is an S-bimodule then ©,M = 1,M = {m €
M, 1,m = m}. Indeed, obviously, ©,M C 1,M. If m € 1,M, then

m=1,m= Z(wxwxq)m = wa(wmﬂm) €0, M.
(w) (@)
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Analogously, MO, = M1,-1, for each = € G.
Proposition 3.22. Let © : G — Sg(S) be a unital partial representation. Then,

(i) [©;] € PicS(R).
(ii) If M is an S-bimodule, then

my: O, g M — O,M and M M®r0, — MO,
Uy @M — UM m & Uy — MUy

are R-S-bimodule and S-R-bimodule isomorphisms, respectively.
(iii) Let M be an S-bimodule and let N be an R-subbimodule of M. Then we have the following R-bimodule
isomorphisms:

0, N — O,N N®r©, — NO,
and

Uy @M > UyN N&QUz—1 = NU -1

Proof. (i) Let w! € O, and w! ; € ©,-1 be such that Zwiw;_l = 1,. Define, f; : ©®, — R by
i=1
flug) = w;_lum. Then f; is right R-linear and

n n
Zw;fi(uz) = Zw;w;,lux = lyuy = Uy,
i=1

i=1

for all u, € ©,. Consequently, {w?, f;} is a dual basis for the right R-module ©,. Analogously, let @/, € O,

and wi,l €0,1,j=1,2,...,m, be such that Zwi,lwi =1,-1, and g; : O, — R, defined by g;(u,) =
j=1
U@’ _y, then {w7, g;} is a dual basis for the left R-module @

Let ¢ : ©, — O, be a right R-linear map. Then, ¢ = ng(w;)wi,l € R1, and
i=1

n

Puy = Z@( Wy—1Uz = ZSO wy-1Uz) = p(laus) = ¢(ua),

i=1

for all u, € ©,. Then the map R — End(0, ), defined by r — (u, +— 7uy), is surjective. Similarly, the
map R — End(g0O,), defined by r — (u, — u,r), is surjective. Thus, [0,] € PicS(R).
(ii) Clearly, m; is a well-defined R-S-bilinear map. Its inverse is given by

m;t: .M — ©,®rM,
m — wa®wx71m,
()

where 1, = szwrl, with w, € ©, and w,-1 € O,-1. Similarly, the inverse of m,. is given by MO, >
€))
m mexq Rw, € M ®O,, where 1,-1 = Zwmflwx.
(2) (@)
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(iii) Note that ©, N C M is an R-subbimodule of M, such that 1,n = n and u,-1n € N, for alln € ©,N

and u,—1 € ©,-1. Indeed, if n € O, N, then n = Zu;nl, with ui € ©, and n; € N. Since N C M is an
i=1
R-subbimodule, we have:

n

n
Ug—11 = Zufl(u;nl) = Z(uzflu;)n, € N.
i=1 "

i=1
€R1,_1

Analogously, NO, is an R-subbimodule of M which satisfies n'1,-1 = nand n'u,-1 € N, foralln’ € NO,
and u,-1 € O,-1. Hence, the isomorphism follows as in item (ii). O

Corollary 3.23. Let N € Sg(5). Then O, ®r N ~ ©, N, for each x € G. In particular, O, @r ©, ~ 0,0,
for all x,y € G.

Remark 3.24. Let

©: G — Sg(9)
r — 0O,

be a unital partial representation with ©,0_,-1 = R1,. By Proposition 3.22 and Corollary 3.23 the map

O: G — PicS(R),
x (O]

is a unital partial representation with ©, ®g 0,1 ~ Rl,, (z € G). Let f© be the family of R-bimodule
isomorphisms whose members

©,1 0,00, — 0,0, =1,0,,
Uy & Uy > UgUy

are induced by the multiplication in S. Then f© is factor set for ©. Therefore, we have a generalized partial
crossed product A(©), where each ©, C S is an R-subbimodule.

Conversely, if © : G — PicS(R) is a unital partial representation with a factor set f©, then the
generalized partial crossed product A(O) is an extension of R with the same unity. In this case, each
©, C A(O) is an R-subbimodule. By Corollary 3.23, the map © : G — Sr(A(©)) with O(z) = O,, is a
unital partial representation.

Example 3.25. (Partial crossed product) Let a = ({Ds}zec,{0s}zea, {wey}eyea) be a unital twisted
partial action of G on R with D, = R1,, for each € G (see [18, Definition 2.1]). Consider the partial
crossed product R X, G = @IGG D6, whose multiplication is defined by

(Uzdz) (Uyly) = Uz Oty (Uyly—1 )Wy y0py.
By [18, Theorem 2.4], R %, G is an associative unital ring. Let

©: G — Sr(RxawG)
x +— Db, ’

It is easy to see that (D;0,)(Dy-10,-1)(Dy365) C Dy6,, for each x € G. On the other hand, if u,0, € D0,
then
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(ugﬁw)(lmaéfl)(w;i,lém) = (ug;w%maél)(w;;,ldw) = uwwmvrflw;i,lém = Uply0y = Uyl

Hence, (D305)(Dy-104-1)(D36y) = Dyd,, for each x € G. By [18, Lemma 5.3], we have that
(D203)(Dydy)(Dy-10,-1) = (Dyyuy)(Dy-16,-1) and (D '0,)(Dy6s)(Dy6y) = (Dy-10,-1)(Daybay),
for all x,y € G. Consequently, © is a partial representation. Observe now that (D,0,)(Dg-10,-1) = Dy,
for each € G. Indeed, the inclusion (D,d;)(Dy-10,-1) € D, is immediate. Given u, € D,, we have

(uzw;i,léz)(lrléx) = umw;i,lwx’m_lél = U101 = uy01 € D,. Therefore, © is a unital partial represen-
tation. By Remark 3.24, we obtain that

Ug Oz @ Uy Oy Ul (U l—1)wy yOpy

is a factor set for ©. Hence, A(©) = @xEG D36y = R Mg, G is a generalized partial crossed product.

4. The group C(©®/R) and partial cohomology

In all what follows the unadorned @ will stand for ®r, unless otherwise stated.
Let

®©: G — PicS(R)
A — (O]

be a unital partial representation with e, = ©,®0,-1 ~ Rl,, forallz € G and let f© = {fgy 10,00, —
1204y, =,y € G} be a factor set for © and A(O) the partial generalized crossed product with factor set
O ={r2,:0, 00, = 1,0,y,z,y € G}.

Theorem 4.1. The set

CO/R) ={[A(D)]; T4|Os and T, @ Ty-1 =~ Rl,, for all z € G}

is an abelian group with multiplication defined by

A@AD)] = [P Qe oT,

zeG

)

where the factor set

F = Te®0, 1 @0 AT, ®0,-1 ® QY — 1,14y ® O4y-1 @ Uyl
consists of isomorphisms defined in Lemma 5.18.

Proof. By Lemma 3.18 we have [A(Q)][A(D)] = [B,cq Qo ® O,-1 @ T;] € C(O/R). First, we need to show
that this operation is well defined, i.e. it does not depend on the choice of the representative of the class. Let
[A(T)] = [A(D)] and [A(Q)] = [A(A)] in C(©/R), then there is R-bimodule isomorphisms a, : I'; — 3,
and b, : Q, — A, and commutative diagrams
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T

[, ol — 1,1,
Ay @ay \L \Lazy
Yo ® Xy 1,30y

z,y

By definition [AT)][A(Q)] = [P, Te @ Op1 @ Q]

ba

31

Q

Q©0, — > 1,Q,,
o X
Ay ® A, 1oAgy

T,y

and [A(D)][AA)] = [EBIGG Y, R0,1® Az}.
Define the R-bimodule isomorphism dgy : 'y ® O,-1 @ Qp — X3 ® 0,1 @ Ay, by duy (Vg @ up—1 @ wy)

a3 (Vg) @ Up-1 @ by (w,). We have that the following diagram is commutative

I'®0,-1 ®Q, ®Fy ®®y*1 ®Qy

dr®d, l

Y ®@$71 A, ®2y ®@y*1 ®Ay

1xey ® C"‘)(zy)—l ® Qxy

ldly

LoXay @ Oay)—1 @ Agy

A
faly

This implies that [A(T)][A(Q)] = [A(E)][A(A)] in C(O/R) and the assertion follows.

Let us show that with this operation C(©/R) is, in fact, a group. The associativity is verified analogously to
the proof of Lemma 3.18. Given [A(T)], [A(Q)] € C(©/R), we have [A(T)][A(Q)] = [B,cqTe ® O,-1 @ Q]
and [A(Q)][AT)] = [B,eq U ® O,-1 ®@T,]. For each z € G, consider the isomorphism ), defined by

r.060,-1 92, —I, 060, 190, R, 1 —= 1,060,102, 0,1 Q O,

N 2, ®00,-1 0, ®6O,-1 00,

Qx ® @z—l @I, ® le—l

T - —>Qx®(_)z—1 ®1—‘x
Then it is directly verified that the following diagram is commutative:

ro

[,®60, 1000020, 100 —— > 1,T,, ® Oy 1 @ Uy

)\m®>\yl llm)\m’y

Q,®00,-1 N, ® Qy (39 ®y—1 & Fy e —— 1way ® e(my)*l ® Fwy-
Sary

Thus, [AD)][AQ)] = [A)][AT)] in C(©/R) and we have the commutativity.

Given [A(Q)] € C(O/R), we have [A(Q)][A(O)] = [B,cq Qe ® Op-1 ® O,]. For each z € G, consider
the R-bimodule isomorphism ¢, : 2, ® ©, ® ©,-1 — Q, defined by ¢, (Wz @ Uz @ Uy—1) = Wy (U, S Ugp—1).
Then, the following diagram is commutative
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125
2, 0060,-10, R Qy (9 @y—l & @y lzﬂzy (9 @(my)—l & ®1y
Pa®py \L l‘Pwy
Q,; ® Q, o 1,04,

Thus, [A(T)][A(O)] = [A(O)] in C(O/R). Therefore, [A(©)] is the unity in C(0/R).

Finally, the inverse element of the class [A()] € C(©/R) is given by [A(Q)] ™! = [P, cq O @ Q-1 ® O,].
Indeed, by Lemma 3.18 we have [A(Q)]™! € C(©/R). Moreover, the R-bimodule isomorphism 1, :
2,200, 160,10, 1860, — 0, defined via

200,100, 00-1090, — QR 1®Q2- 1060, —= 2, Q-1 06,

Yo T TS --- >~RI,®0,~0,

gives an isomorphism of partial generalized crossed products. Therefore, C(©/R) is an abelian group. 0O
Proposition 4.2. The set

Co(©/R) ={[A(M)];I'y ~ O, forall z € G},
is a subgroup of C(©/R).

Proof. If [A(T")] € Co(©/R), thenI'; ~ O, for all x € G. In particular, I';|0, and ', ®T;-1 ~ 0, Q0,1 ~
R1,, for all x € G. Then, [A(T")] € C(©/R). Given [A(T)],[A(Q)] € Co(O/R), we have

I'.®0,-1®2,~>60,60,-1960, 0, and 0, R[',-1®60, 20, R60,-1 O, ~O,,
for all z € G. Thus, [A(D)][A(Q)],[A(T)]~! € Co(©/R). Therefore, Co(©/R) is a subgroup of C(O/R). O

Lemma 4.3. Let [A(T)] € Co(O/R) and ay, : Ty — O, be an R-bimodule isomorphism, for each x € G. Let
Toy * 12Ozy — 1,04y be the R-bimodule isomorphism defined by the commutative diagram

r
fay

Az Qay l l Ay

0, ® 06, — 1,0,y 77':1,) 1,0,y

x,y

that is, Ty © gy 0 (az @ ay) = agy © z,y € G. Then, 7_ _ is a normalized element in Z3 (G, a, Z),

where T, is defined in Lemma 3.10.

T
T,y

Proof. By Lemma 3.10 we have 7, , € U(Z1,1,,) and

Fo(@2(v2) © ay(v,)) = (v © ), (45)

for all v, € I'y and vy, € I'y. For z,y,2 € G, v, € I'y,v, € I'y and v, € ', we obtain
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r T (5. o o
Aayz (V2 0 Vy) 0 V2) = Ty 2T y((az(v2) © ay(vy)) 0 az(vz))

(ay(vy) © a2(v2)))

= Toy,:Toy (az(vs)

(45) ~ o __ r
:) Txy,zfr,y(am(vm) © Ty,;ayZ(”y ° UZ))

28) - - _ ) r
= Tay, Teya(Ty 2 1o-1)(az(v2) © ay:(vy 0

v:))
(45) ~ ~ _ ~ r
:) Tay,zTz,y O (Ty,; 1$71)Tx,;za$yz (Uw (Uy © UZ))

~ r r

= ?zy,z?w’yam(ry,; lel)?;ézagjyz((vz 0 vy) 0 V)

r

o
~ ~ ~ ~ r r

= Gay=(Toy 2 Tay@a (T 2 Lo )Ty . (Vs © 0y) 0 0:).

Since agy . is an R-bimodule isomorphism, we see that

N I ~ ~ ~ ~ T T
((vz 0 Uy) 0v,) = sz,sz,yam(Ty,;lel)Tm,gl;z«Uz o Uy) 0 V), (46)

for all v, € I'y,vy € 'y and v, € I',. Using the same argument as in Proposition 3.15 we obtain

= ~ ~—1 ~—1 _
Tay,zTe,y O (Ty,z lel )Tz,yzlw - 1azla:y1:vyz

This implies that 7-° € ZZ(G, o, Z) and consequently 7— _ € Z&(G, o, Z). For z = 1, by (36) and (45)

we have 71 (ray(vy)) = ay(rvy) for all r € R,v, € I'y. Take r = 1. Since a, is an R-bimodule isomorphism,
then 71 yv, = vy, for all v, € I'y. The same argument as above implies that 7, , = 1,,. Analogously, 7,1 = 15.
Therefore, 7_ _ is normalized. O

Theorem 4.4. The map

¢: C(®/R) — H3(G,a,Z2)
AD)]  — [T -],

where 7_ _ € Z*(G, a, Z) is defined in Lemma 4.3, is a group isomorphism.

Proof. Let [A(T)],[A(R2)] € Co(©/R) and take R-bimodule isomorphisms a, : I';, — ©, and b, : Q, —
O., for x € G. Denote,

T,y © :E@,yO(agC@ay):awyo gl;y, and vy, © gyO(baj®by):bwyo gy, Va,yeG. (47)

Let us first show that ¢ is well-defined. Suppose that [A(T")] = [A(Q)] in Co(O/R). Then there exist
R-bimodule isomorphisms &, : I';, — Q,, = € G, such that the following diagram is commutative:

r
T,y

r,®T, 1.0ay (48)
O © Q) ———— 1, Q.
z,y

For each = € G consider the R-bimodule isomorphism g, : ©, — ©, defined by

Be=byolso0a,t, Vred. (49)
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Claim 4.5. 3, 07,y 0 fgy =Yg,y O fx@)y o (By ® By), forall z,y € G.

Indeed, by (47) and by the commutative diagram (48), we obtain

Y,y © fgy °© (ﬂz & By) = Va,y © fgy o ((bz o gz o a;l) ® (by o gy o ay—l))
= TVa,y © S’yo(bz@?by)o(fx@fy)o(a;1®a;1)
(47) _ B
= bay o [, 0 (608 0 (a7 ©ay )

= b:by o gazy o mr‘,y o (a’m_l ® ay—l)

(47) -1 e
= bxy o f‘Ty 0 a’;vy © Tw,y o x,y

— S}
= Py OTayO Ty

Then, for each u, € O,, uy, € 0, we have Buy (744 (Ug S Uy)) = Ya,y(Bz(uz) S By(uy)). On one hand, by
(25), we see that By (Ts,y (U S ) = Bay (To.y (Ug S 1)) = BayTay (Ue S uy). On the other hand, using (25)
. e -~ = O - 3 ~ )

and (28), we obtain v,y (8 (uz) © By(ty)) = Va,y(Bate © Byty) = Va,yBz0(Byly—1)(us © uy). Then,
~ o) - = ~ )
BayTey Uz © Uy) = Yoy Beta(Byle—1)(uz 0 uy),
for all u, € ©, and u, € ©,. Using the argument in Lemma 4.3, we have
Exyic,y = %,ygxam(gylx_l), for all z,y € G. (50)
Let h : G — Z defined by h, = Bx Then h, € U(Z1,), for all z € G and we get
oy = Yoy e (hylo-1)hg he = Yoy (0'h)(z,y), ¥V z,y € G.

This implies that [7— _] = [y _] in H3(G, a, Z), proving that ¢ is well-defined.
To show that ¢ is injective, suppose that (([A(T)]) = ¢([A(Q)]) in HE(G, o, Z). Then there exist h :
G — Z, with h(z) = hy € U(Z1,), for all z € G, and

Tay = awwaw(hylm*l)h;ylhza Vaz,yed.
Consider the map

Br: O, — O,
Uy +—>  hplyg.

Then B, is an R-bimodule isomorphism and Bz = hy, for all z € G (see Lemma 3.10). Hence,

7A:aﬁ,ygzy = ﬁz,yax(gylw—l)gyv v T,y € G. (51)

Let A\, : T — Q,, (z € G), be the isomorphism defined by A, = b; ! o 3, o a,. We will verify that following
diagram is commutative:
r

T,y

I, @pTy — 1,1, (52)

Az @Ay l l Azy

Qx QR Qy Q ’ 1969902!

x,y
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Firstly, we check that
By © Ty © fg?)y = Ya,y © fw@ﬂ/ o (Be ® By), forall z,y € G. (53)

Indeed, for u, € ©, and u, € ©,, by (25) we see that Sgy (74, (us S Uy)) = Bzy?wy(uw S uy). Analogously,
by (25), (28) and (51) it follows that

(C] ~ ~ o ~ ~ ~ ~ (] ~ (C]
'Yx,y(ﬂx(ux) o By(uy)) = 'Var,y(ﬁxux © ﬁyuy) = 'Yx,yﬁxax(ﬁylzfl)(ux © uy) = B;cyTx,y(ux © uy)
Consequently, (53) holds. Using (47) and (53), we have
e
Azy © f};y = b;; 0 fay O gy © f;"’y (:’) b,;yl 0 By © Ta,y © :?,y o(a; ® ay)

(53) . _
= b;cyl O Yy © w@,y o (Bz ® By) o (az @ ay)

(7, _ _
- bzylobmyo Qyo(bzl®by1)o(ﬂx®ﬂy)o(am®ay)

This implies that the diagram (52) is commutative. Thus, we have a partial generalized crossed product

isomorphism. Therefore, [A(T)] = [A(R2)] in Co(O/R) and ( is injective.
Let 0 : G x G — Z be a normalized 2-cocycle in Z3(G, o, Z). Then

az<0y,zlx*1)0-a:,yz = Ozy,20z,y; v r,Y,2 € G. (54>

Consider the R-bimodule isomorphism p,, : O, — ©, defined by p;(uy) = 044Uy, and define £, = O, as
R-bimodules. Then, p,, : ¥, — ©, is an R-bimodule isomorphism. Let

T TL0rE, — LT

o)
Uy @ Uy > O y(uz O uy).
Given u, € ¥;,uy € 3y, and u, € ., by (54) we obtain that

© (S] (] (C]
fxzyyz(uw ® fyz,z(uy @ Uz)) = Oyz(Uz © Oy 2(Uy O Uz)) = Op y0u(0y 2 15-1)(uz © (uy © uz))

) ) ) e
= Oy, 200,y((Ug O Uy) O Uy) = Oay »(0.y(Uz © Uy) © uy)

Thus, f> = {fmzy D0y @Yy = 1,X,,, x,y € G} is a factor set for ¥ and A(X) = @, X, is a partial

generalized crossed product with [A(X)] € Co(©/R). Let A € C'(G, a, Z) be defined by A\, = o 1. Consider

the R-bimodule isomorphism

T: 1,0, — 1,0,
Uy o 0ry (0T (@, Y) Uy

Then, T = 0, ,(6'\)(, y) and

€] e €]
pwy(fzz,y(uw ® Uy)) = Pay(Tu,y(Us © Uy)) = O yPuy(Us O Uy) = 04 yTuyoy(Us O uy)

_ e _ _ 106
= Ux,yawy,wy("zépﬂux) o Gy,gl,/’y(uy)) = Ux,yaafy,xy(Ux,ipx(ux)%gl; o py(uy))
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_ _ (S]
= Uw,y0$y7wy(Uwéaw(ay,gl;lm*l)pw<uw) o py(uy))

_ _ (S]
= ULway,rygz,}nO‘r(Uy,gljlmfl)(Pz(uz) o py(uy))

= Uﬂﬁ,y((sl/\)(x7 y)fmgy(pw(uw) ® py(uy))

)

This implies that p,, o f2, = T o f2, 0 (p ® py). Thus, (([A(X)]) = [0(6'N)] = [o- -] in HE(G,a, Z),
proving that ¢ is onto. Finally, it is easy check that ( is a group homomorphism. O

5. The seven term exact sequence

In this section we shall construct an exact sequence which generalizes the Miyashita’s sequence for non-
commutative unital rings [45, Teorema 2.12]. To this end fix a ring extension R C S with the same unity
and a unital partial representation

©: G — S8gr(9),
r > O,

with e, = ©,0,-1 = Rl,, for each € G. Let A(O) be the generalized partial crossed product provided
by Remark 3.24 with factor set f© = {ff?y 10, ® 0, — 1,04, z,y € G} and the ring and R-bimodule
isomorphism ¢ : R — ©; as in (35).

5.1. The first exact sequence

In this subsection we establish the initial three term part of the final sequence. Let Pz(S/R) be the
group defined in Section 2.4. Denote

Pz(S/R)') = { [P] =lél=> [X] € Pz(S/R); ©.6(P) = ¢(P)6, for all z € G}.
Remark 5.1. Let [P] =—l[¢}=> [X] € Pz(S/R). Then,
0,9(P) = ¢(P)O, if and only if ©,¢(P)O,-1 = ¢(P)1,, for each z € G. (55)
Indeed, if ©,¢(P) = ¢(P)O,, for each z € G, then
0,0(P)O,-1 = $(P)O,O0,-1 = ¢(P)1,, for each = € G.

On the other hand, since P is a central Z-bimodule, then P1, = 1,P, for each x € G. Thus, by the
R-bilinearity of ¢ we have 1,¢(P) = ¢(P)1,, for each z € G. Then

0,0(P)0, 1 = ¢(P)1, = 0,6(P)0, 10, = ¢(P)1,0, = 6,6(P)1, 1 = ¢(P)O,
= 0:1,-19(P) = $(P)Oz = O.6(P) = ¢(P)Os.

Lemma 5.2. Pz(S/R)%) is a subgroup of Pz(S/R).

Proof. It is easy to see that Pz(S/R)(%) is closed under the multiplication. Let us verify that it is also
closed with respect to taking inverses. Let [P] ==[¢}=> [X] € Pz(S/R)?). As we know from Section 2.4,

its inverse in Pz(S/R) is given by [P*] =[¢")=> [X*] . Since ¢ is injective, we may assume P C X and
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P* C X*. Observe that P* = {f € X*; f(P) C R}. It follows that P* -1, = {f € X*; f(P) C Rl,}.
Indeed, if f € X* is such that f(P) C Rl,, then f € P* and

(f-12)(p) = f(P)1e = f(p).

Hence, f € P*-1,. On the other hand, if f € P*-1,, then f = f’- 1., for some f’ € P*. Then,

flp) = (f/ 1.)(p) = f/(p)lx € Rl,, forall pe P,
and the claimed equality follows. Let us now see that ©, - P* - ©_,-1 = P*-1,, for each x € G. We have:
(©y - P*-0,-1)(P)=(P"-0,-1)(PO,) =(P"-0,-1)(0,P)
=0

=0,(P"-0,-1)(P) =[P (P)]©4-1
C O0,RO, 1 = Rl,.

Therefore, ©, - P* - 0,-1 C P*- R1,, for each € G. Now, observe that

P*-Rl, =Rl,-P*-Rl, = (0,0, 1)-P*- (6,0, 1)
=0,-(0,1-P*-0,)-0,
€Oy (P Rly-1) Oy
=0, P* - (Rl,10,1)
=0, P -0,

Consequently, the desired equality follows, and we conclude that [P*] =[¢"1= [X*] € Pz(S/R)(?). O

Proposition 5.3. The map

P2 Pz(S/R)() —+ Picz(R)NPicSz(R)*,
[P] =l¢= [X] +— [P]

is a well-defined group homomorphism.

Proof. Clearly, @2 respects the group operations. Thus, it is enough to show that if [P] —=[¢|= [X]| €

Pz(S/R)(E), then [P] € PicSz(R)* . By (55) we have that ©,¢(P)0,-1 = ¢(PR1,), for each = € G. Since
¢ is R-bilinear, then ¢(P) is an R-subbimodule of X. By Proposition 3.22 and since ¢ is injective, we obtain
that f, is defined by

0, P @O, 1 — = 0, ®(P)®O,-1 —= 0,6(P)O,-1 = ¢(P1,)

N
N
AN
N

S P1,
fo @ T~ _ l
-—--—-_>P®R1,

that is,
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folte @p@ugp1) =p' @ L,
where ¢(p') = uy¢(p)uy—1 is an R-bimodule isomorphism. Hence [P] € PicSz(R)*. O
Denote
AUtR—rings(S)(G) ={fe AUtR—rings(S); f(©2) =0,, VzeG}
Obviously, Aut R—rings(s)(G) is a subgroup of Aut _rijeg(S).

Lemma 5.4. The following diagram is commutative with exact rows:

£

U(z) Autp_rings(S) P(S/R) Pic(R)

t ﬂ ﬂ

1

U(Z) — Autp_pjngs(S) S —— Pz(S/R) — . Picz(R) NPicSz(R)*

Proof. The exactness of the first row is given by [27, Proposition 5.1]. The restriction of ¥ to Pz(S/R)(%)
is the homomorphism @2 from Proposition 5.3. If r € U(Z), then since O, is an R-bimodule, we have that
F(r) e AUtR—rings(S)(G)- If fe AUtR—rings(S)(G)a then

if(R)-O; =Rf(0) = RO, =0O,R =0, -is(R), for each z € G.

Since R is a central Z-bimodule, then £(f) = ( [R] ==lsl= [Sf] ) € Pz(S/R)(%). Consequently, the ho-
momorphisms of the second row are well-defined. Let us verify that the second row is exact.

The exactness at the first term and the inclusion £(Aut S)(@)) C ker(yps) directly follow from

R—Rings<
the exactness of the first row. Let [P] =¢}=> [X] € ker(i2). Then there exists f € Autp_1ipe5(S) such

that £(f) = ( [R] =ls1= [Sy] ) = ( [P] ==l¢}= [X] ) in P(S/R). More specifically, by the proof of [45,
Teorema 1.5] we have that if A : R — P is an R-bimodule isomorphism, then, defining o and 8 by

a:S—R®rS — PS5 XandB: S — S®r R — S@p P25 X,
we may assume that f = 87! o a, and the diagram

if

R St
g |s
P X
@

is commutative. Since [P] =l¢]=> [X] € Pz(S/R)Y), then ¢(P)O, = 0,6(P), for each x € G. We shall
verify that f(©,) = ©,, for all z € G.
Given u, € ©,, we have that ¢(A(1))u, € ¢(P)O, = ©,¢(P), and, consequently, there exist u’, € O,

n

and p; € P, (i=1,2,...,n), such that ¢(A(1))u, = Zu;qﬁ(pl) As A is an isomorphism, there exists r; € R
i=1

such that A\(r;) = p;, for all ¢ = 1,2, ..., n. Hence,
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a(uz) = o) = D upb(pi) = 3 uzd(A(r0)) Zu Blig(rs)) Zu B(ri) = me).

Jlu) = (3 o a)(us) = S ubri € O
=1

Consequently, f(©,) C ©,, for all z € G.
On the other hand, given u, € ©,, we have umd)()\(l)) € ©,¢(P), and thus there exist v] € O, and

p; € P with j =1, ...,m, such that u,d(A( Z o(p;) Jvi. Using again that \ is an isomorphism, we get

j=1
that there exist elements r; € R such that A(r;) = p; for j = 1,...,m. Then

Blua) = uad(\(1) = D_ dlpg)vd = D_¢(Nr)ed = D o(M(D)ryel = a Zmﬂ

Therefore,
up = (B oa) | D _rd | =F | Dol | € F(O0).
j=1 j=1

Hence, O, C f(©,.) and, consequently, we obtain the desired equality. It follows that f € Aut R_ringS(S)(G)
and, thus, [P] == [X] € E(Autprings(S) ). O

Since R C A(O) is a ring extension with the same unity, Lemma 5.4 is applicable:

Theorem 5.5. The following sequence of groups and homomorphisms is exact:
1 —— HY(G,a, 2) —> Pz(A(©)/R)©) —Z= Picz(R) NPicSz(R)*"
Proof. By Lemma 5.4, the sequence
UZ) T Autp 1ings(A(©) @) ——= Pz(A(0)/R)(@ — 7~ Picz(R) N PicSz(R)*
is exact. Hence,

AUtR—rings(A(@))(G)

1 Im(]-') PZ(A(G)/R)(G) L PiCz(R) N PiCSz(R)O‘*
Aut _ri05(A(0))()
is exact. Thus, it suffices to show that there exists a group isomorphism R rllng?;)( ) ~
m
HY(G,a, 2).

Let f € AutR_rings(A(G))(G). Since f(©,) = ©, for all x € G and f fixes each element of R, restricting
f to ©,, we get an R-bimodule isomorphism f, : ©, — O,, for each z € G. Let fx € U(Z1,) be as in
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Lemma 3.10. As f is a ring automorphism, we have that f(u, S uy) = f(ug) S f(uy), for all u, € ©, and
Uy € ©,. Then

o) o)
fay(uz © uy) = fa(uz) o fy(uy), Uz € Og,uy € O,.

By (25) we obtain

Fay(ta © wy) = foy(ug S uy),

Falta) S fy(uy) = Fatta © Fytty = Futinfy Sty 2 Frcr(Fylo-s) (i S ).

—~ e ~ ~ e
Consequently, fzy(ug 0 uy) = foaz(fyle-1)(us © w,), for all u, € 0, and u, € O,. Using the same
argument as in Proposition 3.15 we obtain

f;am(f;lrl) = ﬁc/ylx, for all z,y € G.

Then

f: G
x

)

— Z
— f:E,
belongs to Z§ (G, a, Z). Since ]?1 = f1(1) = 1, it follows that fis a normalized element in Z§ (G, a, Z). We
have the following homomorphism of groups:

L AUtR—rings(A(@))(G) - ’Zvé(G,a,Z).
f — f

Conversely, if 0 € Z§(G, a, Z) is a normalized 1-cocycle, then
ag(oyly-1)0y = 04yly, forall z,y € G. (56)
For each x € G define

9z * G)m — 917
Uy —> OzUg.

Since o, € U(Z1,), it follows by Lemma 3.10 that g, is an R-bilinear isomorphism and g, = o, for each
x € G. Consider the map

9 =@B,cq9:: AO) — A(O)
Uy — go(ug)’

Then ¢,(0©,) = O,, for all z € G. Since o is normalized, we have:

Hence, g fixes each element of R. Now, given u, € ©, and u, € ©,, we compute:

9(ug o Uy) = Oay(Us o Uy) = 0z (0yly-1)(ts S Uy) = (020(0yle-1)Us o Uy)

e (€] S]
= (02uz0y © uy) = (04uz © oyuy) = (gz(uz) © gy(uy)).
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Therefore, g € AutR_rings(A(@))(G) and we have the map

: Z5(G,a,Z) —  Autpings(A(©)/R))
o — g.
Let us check that @ is the inverse of W. If f € AutR_rmgs(A(@))(G)7 then
o(0(f)) = () = P 9.

zeG

where g, (uy) = fzum = fo(ug), for all u, € ©,, * € G. Hence, ¥(®(f)) = f, for all f €
AUtR—rings(A(@))(G)-
On the other hand, if 0 € Z§(G, a, Z), then

U(2(0)) = V(9) =9,
where ¢,(u;) = ogzug, for each € G. Thus, g, = oy, for all x € G. Consequently, ¥(®(o)) = o, for all
o € Z(G,a, Z). Therefore, U : AutR_ringS(A(G)))(G) — Z&(G,a, 2Z) is a group isomorphism. Now, if
r € U(Z), then
Fr)(ug) = rur ™t = rag(r~y-1)u, = (6% 1) (2)uy, for all u, € O,.

Hence, ¥(F(r)) = 6°r~! € B§(G, a, Z). Conversely, if 0 € BS(G,a, Z), then there exists r € U(Z) such
that 6% = o, that is,

o(x) = agp(rly—1)r .

Then, F(r=1)(uz) = 7 tugr = r~tag(rl,—1)u,, for all u, € ©,. Thus, j?(_?“/)r = o(z), for each x € G.
Consequently, U(F(r)) = 0. Thus ¥(Im(F)) = B4 (G, a, Z) and we have the isomorphism

Autp rings (A(©)) @

~ H} Z
Im(]:) @(G,O&, )7

as desired. O
5.2. The second exact sequence
Let
Picz(R)'Y) = {[P] € Picz(R); P ® ©, ® P~}|0,, for all z € G}.

Lemma 5.6. Picz(R)(®) is a subgroup of Picz(R) which contains Picz(R) N PicSz(R)®

Proof. Let [P],[Q] € Picz(R)(“). Since Q ® 0, ® Q~'|0,, it follows by compatibility with the tensor
product that P Q ® 0, ® Q™' @ P7P ® ©, ® P~!. Therefore, by transitivity, we obtain that

P2Q®0O,2Q '®P10,, foralzcd.

Hence, [P ® Q] € Picz(R)(?). Let us verify that Picz(R)(%) is also closed with respect to inverses. Take
[P] € Picz(R)(“). Then
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P10, 9oP~P '®0,9Rl, 1 @P~P 10,2 P® Rl
~P'®0,9PR0,100,~P 20,3 PR06,1 @ R® O,
~P 10, P60, 1P '®P®6,.

Thus, since P ® 0, ® P~1|0,, for each # € G, we have
Pl®0,P®0, 1P '@P®R6,/P'®6,060,-1 ® P ® 0,.
But,

Pl20,00, 1 ©P20,~P '@R,8P®6,~P '@ PO R, @0, ~0,.
Consequently, P~' ® 0, ® P|O,, for each x € G, showing that [P~!] € Picz(R)(?). Therefore, Picz(R)(“)
is a subgroup of Picz(R).

Let [P] € Picz(R) N PicSz(R)* . By (30) we have that ©, ® P ~ P ® ©,, for each z € G. As
[P] € Picz(R), it follows that
PO, P '~0, Yzed, |[P]cPicz(R)NPicSz(R)" . (57)

In particular, P ® ©, ® P~!|@,, for all z € G. Hence, Picz(R) NPicSz(R)*" C Picz(R)(%). DO

Our next purpose is to construct a generalized partial crossed product starting with an element [P] €
Picz (R)(G). We begin by producing a unital partial representation.

Lemma 5.7. Let [P] € Picz(R)() and denote O = P20, ® P, (z€G). Then

QF . G — PicS(R),
z o [2]

is a unital partial representation with QF @ QF_, ~ R1, and QF|0,, for all x € G.
Proof. Obviously, [2F] = [R] and QF|©,, for all z € G. Given x,y € G, we have:

Leale0l ., =P2e,eP'9P20,0 P '@PR06, 1 ® P!
~PR0O,30,80, 1P ' ~*PR0O,, 80,1 @ P!
2P®@xy®P71®P®@yfl ®P71:Q,fy®Q571.

Similarly, we obtain that Q7 , @ QF @ QF ~ QP , @ QF

oy for all z,y € G. Moreover,

P20l =P20,8P 9PR0,1®P ~PR60,90, 1P
~P®Rl,®P ~Rl,@P®P '~Rl,®@R~Rl,, YazcC.

Therefore, QF is a unital partial representation with QF @ QF | ~ R1,, forallz € G. O

z—1 —

Given [P] € Picz(R)( let P~'®@ P - R + P ® P! be R-bimodule isomorphisms. Define the
R-bimodule isomorphisms f7, : QF @ QF — 1,QL via
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PR0O,9P @P®O0,@P —=P®0,20,8P ——> P®1,0,,® P!

—
—
—

T T > 1,P®6,, P!,

P —
fay

where the first isomorphism is induced by t, that is,

_ _ _ (€] _
FE (1 ® up @ 1 @ p2 ® uy ® Pa) = p1 @ (Uat(P1 @ p2) © uy) @ Pa,

for u, € ©,,uy € Oy, p1,p2 € P and p1,p2 € P71 Given z,y,z € G, it can be directly seen that the
following diagram is commutative

P0,2P '®P®0,o P '®P®O, 9P —=1,P0, P ' P60, P!

l l

P0,2P '®1,P®06, @ P! 1,1,y P ® 04y, @ P71,

Consequently, f5, o(fF QL) = fF o(QL@fF.). Therefore, f¥ = {fF, QL 00l — 1.0F , 2,y € G}

Yz Ty
is a factor set for Q2 and we have a generalized partial crossed product

AR =PPree,oP,
zeG

such that P ® ©, ® P7!10, and QF @ QF_, ~ R1,, for each x € G. Hence, [A(Q”)] € C(O/R), for all
[P] € Picz(R)(©).

Remark 5.8. It is important to observe that the isomorphism class of A(QF) in C(©/R) does not depend
on the choice of the isomorphism t used to define the isomorphism f7, in QF.

With respect to the generalized partial crossed product A(QF) we know that there exists an R-bimodule
and a ring isomorphism vp : R — P ® ©; ® P~! with commutative diagrams like in (35). We shall specify

this isomorphism in the next remark, which will be used later.

Remark 5.9. Let ¢« : R — ©; be the R-bimodule and ring isomorphism which satisfies the commutative
diagrams in (35). Let vp : R — P ® ©; @ P~! be the isomorphism defined by

vp(r) =Y rpr @ 1(1) ® pr,
k=1

n
where Z [(pr ® pr) = 1. Then, vp satisfies the commutative diagrams
k=1

k¢

RO QF 0P @R = QF

o @ F O e 0f

Indeed, given r € R, p € P,u, € O, and p € P~!, we have
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n

_ - _ _ e  _ _
FLp(r@p@us @p) =>  fLrpe@1(1) @pr @p@us @p) = Y rpi @ (1(1) © (P @ p)us) ® P
k=1 k=1

n n
= ok (P @pJue @p =Y rppt(Pr @ p) D ug @ P
k=1 k=1

n

S "ok @ )P @ ue @ = 1P @ g @ P
k=1

Analogously, we obtain the commutativity of the second diagram.

Theorem 5.10. The map

L: Picz(R)© — C(C(O/R),
[P] — [AQP)]

s a group homomorphism.
Proof. In order to see that £ is well-defined, consider [P] = [Q] in Picz(R)(%). Then there exist R-bimodule
isomorphisms ¢ : Q — Pand @ : Q™! — P~!. Let t: P! ® P — R be an R-bimodule isomorphism

and let v : Q7' ® Q — R be the R-bimodule isomorphism defined by /(¢ ® q) = t(#(q) ® ¢(q)). For each
x € (G it is easy to see that the R-bimodule isomorphisms

Y QRO, Q7 — PRO,®P
qR Uz ®q — ‘P(Q)@)Um@@(‘Da

gives a isomorphism of partial generalized crossed products. Thus, [A(Q7)] = [A(2?)] in C(O/R).
Let [P],[Q] € Picz(R)(%) and let, furthermore,

PoP ' S“REPI9P and QeQ 'S REQ'9Q

be R-bimodule isomorphisms. Then,

LPeQ)=|PPreQee,eQ eP!|.
z€G
On the other hand,
LIPNL(Q) = |PP26, 2P ©0,10Q20,2Q7"|.
zeG

Since Q®0, Q" 1|O,, then 0, 1 ®Q®O, Q! R. As P! is a central Z-bimodule, by Corollary 2.12
we have an R-bimodule isomorphism P71®0, 1 ®Q®0,0Q ' ~0, 1 ®Q®0,®Q ' ® P! Similarly,
since @ is a central Z-bimodule and R1,|R, we have an R-bimodule isomorphism R1l, ® Q@ — Q ® R1,,
for each = € G. Define the R-bimodule isomorphism F, : Qf ® ©,-1 @ Q¢ — QF®@ by:
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PRO, 2P 190, 1902060, Q! P0,20,12Q20,Q e P!

N PRR,2Q0®0,2Q P!

N PRQ®R,®0,Q 1P !

T T PRQ®O,2Q e Pl

Then routine arguments show that F' = {F, : Q' ® 0,1 ® Q¥ — QF®Q 7 € G} is an isomorphism of
partial generalized crossed products. Therefore, £ is a group homomorphism. O

By (57), if [P] € Picz(R) N PicSz(R)®", then [A(QF)] € Co(O/R). We define the homomorphism
@3 : Picz(R) NPicSz(R)*" — Co(O/R) as a restriction of £, that is,

@3 : Picz(R)NPicSz(R)® — Co(O/R)
[P] — [A@F)]

For reader’s convenience we separate in the next lemma a fact observed in [26, p. 161].

Lemma 5.11. Let R C S be a ring extension with the same unity and let P be an R-bimodule. Denote by
the multiplication in S.

(i) Let p: S®r P — P ®p S be an R-bilinear map such that

(P@pu)o(p®S)o(S@p)=po(n®P), (58)
p(l®p)=p®1, forallpe P. (59)

If M is a unital left S-module, then P @ g M possesses a structure of a left S-module, given by

n
s*(p®m) = Zpi®5im7
i=1

n

where p(s®p) = Zpi®5i. Moreover, if M is a unital S-bimodule, then PRr M is a unital S-bimodule,
i=1

where the structure of a right S-module is given by the structure of M.

(ii) Let p' : P®r S — S ®@r P be an R-bilinear map such that

(@ P)o(S®pl)o(p®S)=p o(Pepn), (60)
plp®1)=1®p, forallpe P. (61)

If M is a right S-module, then M @r RP possesses a structure of a right S-module given by

n
(m®p)*s:2msi®pi,
i=1



46 M. Dokuchaev, I. Rocha / Journal of Pure and Applied Algebra 228 (2024) 107558

where p'(pRs) = Z 8;Qp;. Moreover, if M is a unital S-bimodule, then M Qg P is a unital S-bimodule,

i=1
where the structure of the right S-module is given by the structure of M.

Example 5.12. let P be a central Z-bimodule. Since R is a central Z-bimodule too, we have a Z-bimodule
isomorphism p : R®z P — P ®z R defined by p(r ® p) = p @ r. It is easy to see that p satisfies the
conditions of Lemma 5.11. Moreover, for any R-bimodule M, by Lemma 5.11, the tensor product P ® z M
has a structure of an R-bimodule defined by

T % (p@m) *re = p @ rymra,
forallpe P,m € M and r1,7m2 € R.

Lemma 5.13. Let R C S be a ring extension with the same unity, P a unital R-bimodule and p: S®@pr P —
P ®pr S an R-bimodule homomorphism which satisfies conditions (58) and (59). If M s an S-bimodule,
then there exists an S-bimodule isomorphism

n: (PrS)®@sM — PerM
(pRRrS)®sm +—> pRrsm’

where P ®pr S and P @r M are S-bimodules with the actions given in Lemma 5.11.

Proof. Clearly, n is a well-defined right S-linear map. Given, s,s' € S, p € P and m € M, denote p(s'®@rp) =

n
Zpl— ®p s;. Then

=1
myw@®Rﬁ®sm»n(Z)n&w%®sm>EZM®R@$m
=1 =1

=" pi @r si(sm) = 5+ (p@g sm) = $'n((p © 5) ©5 m).
=1

Hence 7 is S-bilinear. Its inverse is given by:

n': PorM — (P®rS)®sM,
pR®rmMm +— pRrlRsm.

Indeed, if p € P,m € M and s € S, then
N p @rs®@sm)) =0 (pRrsm) =pRr1Rgsm =pOp s Vg M.
On the other hand,
N~ (p@rm)) =n(p®r 18 m) =pOg lm =p@rm.
Consequently, 7 is an S-bimodule isomorphism. O

Lemma 5.14. Let R C S be an extension of rings with the same unity, let [P] € Pic(R) and suppose that
p:S®R P — P®rS is an R-bimodule isomorphism, which satisfies the conditions of Lemma 5.11.
Denote by [P~1] the inverse of [P] in Pic(R) and let P @ P~! L R+~ P~'®p P be isomorphisms of
R-bimodules.
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(i) Let p: S®@r P~ — P 1 ®g S be the R-bimodule isomorphism induced by p = P~ @ p~1 @ P71,
that is,

S®RP_1 H—R@RS@RP_I H—P_1®RP®RS®RP_1
~ J/Plcgpl(gP1

S~ P l@rS®r P®r P!

~
~
o
P~
-
-

$‘P_1®RS.

Suppose that p satisfies the conditions of Lemma 5.11 and endow P~! ®p S with the structure of an
S-bimodule determined by p as in Lemma 5.11. Let ¥ : P®@g (P~' ®@r S) — S be the isomorphism
defined by

V:Por (P orS) L% pop(Sor P ) 22, gg, Popt 52, g
that is, ¥ = (S®@ ) o (p~ '@ P ) o (P@p ). Then
U(pep®s)=Ipap)s,

foralls€ S, pe P andp € P 1.
l

(ii) Let s € S, p € P and p € P~L. Write Z[pk@)pk) = 1, and denote p(s @ p) = sz®sZ and

k=1
P ok ®si) =Y si; @k Then
j=1
slp®@p) = Z ((pi ® pr)si,jW(pk,; © D). (62)
i,k

(iii) ¥ 4s an isomorphism of S-bimodules.
(iv) [P ®r S| € Pic(9).

Proof. Let s€ S,pe P~ and take p; € P, p; € P71, 1 =1,2,...,n, such that Zt(ﬁl ® p;) = 1. Denoting,

=1

m
p i ®s) = Zsz @ pu,i, we have
i=1

Bs®p) = P @ sil(pLi D).
1,

Its inverse is given by

P l(p©s) = Zt(ﬁ@@pw)sg‘ ® P
k.j

WhereZ[pk(X)pk)—landps@pk Zp;w®3]
k=1
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(i) Let s€ S, p € P and p € P~t. Write Z [(pr ® pr,) = 1 and denote p(s @ pr) = Zpk,j ® s;. Then
k=1 j=1

1
POp©s TS p@t(p® py)s; @ Py e S o (pr(p @ piy) @ 55) @

k.j k.j

= Zp (p@P)pr; ®55) ©pk = Y Up @ D)o~ (prj © 55) © i
k,j

= Yipepsop @i oo > (p® p)sl(p, @ br)
k k
= lp®p)s.

Hence,

Vpepes)=(Salho(p'@P o(Pep Npepes)=Ipap)s.

(i) Let us compute U1 (sl(p®p)): observe that ¥~ = (P®p)o(p@P~1)o(S®I™1). Ifz (pr@pr) = 1,

k=1
then
st l l
sllp®p) —— Zsl(p®15)®pk ® Pr =ZS®[(p®;5)Pk Qpr = ZS®Pt(]5®pk)®ﬁk
l l
= sRPRUPRPL)PL =P s@pRPpr @ Pr) =s@pRP
k=1 k=1

n
QP! _ P®p _ _
LN E pi®si®p%p g Pi @ Pr @ si,5l(prj @ D),
i= 4,9,k

that is, U 1(sl(p @ p)) = Y _ pi ® P @ si,;1(pr,; ® p). Therefore,
1,5,k

slp@p) =V (slp@p)) =T [ > pi @px ® sijlpe; @) | = Y U(pi @ Dr)si U pk.; @ D)-
ik ik

(iii) Tt is enough to ver1fy that W is left S-linear. Take s,s’ € S p € Pandpe€ Pl Let pk € P and

P € P71 bebuchthatz (pr ® pr) = 1 and denote p(s’ @ p) = sz®5 ep tpr®s)) Zs”@)p;w
k=1

Then 5(s; ® p) = Zﬁk ® s; ;(pk,; © p). Thus,
k,l

U(s'*(p@(p®s) =T (Zpi ®si* (PO 5)) =V | > pi®pk@s;;l(pr; @P)s

i=1 i5.k

_ _ 62) _ _
= Z (pi © pr)s; ;Wprj @ p)s @ Slpep)s=sTV(pRp® s).
4,4,k
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(iv) By Lemma 5.13 and by item (iii), we have the R-bimodule isomorphisms
(P®RrS)®s (P_1 ®rS)~PRg (P_l ®prS)~S.
Similarly, (P! ®g S) ®s (P ®r S) ~ S, as S-bimodules. Consequently, [P ®x S] € Pic(S). O

Theorem 5.15. The sequence

P2(AO)/R)E) — 2 Pics(R)NPicSz(R)* — = Cy(O/R)

is exact.

Proof. If [Q] € Im(iy), then there exists [Q] =l¢}=> [X] € Pz(A(0)/R)?). By the proof of Proposi-
tion 5.3 there exists an R-bimodule isomorphism g, : 0, ® Q ® ©,-1 — @ ® R1, determined by

9z (Uz @ ¢ @ uy—1) = ¢ ® 1, where ¢(¢') = uzP(q)uy—1.

Let hy : @Q ® O, — O, ® Q be an R-bimodule isomorphism, such that the following diagram is

commutative:
0,89, -1
R1, ® Q® O, 0,20, 1300, ——————= 0, Q® Rl
Q®R1, ®0, 0,R1,-1RQ
Q ® @z 777777777777 ]_7 77777777777 > @z ® Q
that is,

ha(q@ua) = Y wa @ go1 (W1 ® ¢ ® uy),
(z)

(C] . .
where 1, = sz 0 Wy—1, with w, € Oy, wy—1 € O©,-1, and arbitrary ¢ € Q, u, € O,.
()

Claim 5.16. The isomorphisms h, satisfy the commutative diagram:

, Q®r2,
0. ®h, l llzhzy
0, ®0,® 1204, ® Q.
oo 12,00 e

Indeed, let 1, = Z(wx S wg-1) and 1, = Z(wy S wy-1). By Remark 3.21, the restriction
(@) ()
o o) e
Lohgy © Q ® 1,0,y — 1,0, ® Q is given by 1;hqy (¢ @ Ugy) = Z (Wz © Wy) & Gray)—1((wy—1 ©

(2),(y)
We-1) ® ¢ & Ugy), for all uy, € 1,0,,. Thus, given ¢ € Q, u,y € O, and u, € ©,, we have:
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€]

€] © €]
= Z (Wa: © wy) ® g(acy)*l((wy*1 © W:cfl) IR (uw © uy))
(z),(y)

(S)
= Z (wa © wy) @ Gy, (64)
(@),(y)

© ©
where ¢(¢z,y) = Z (wWy-1 0 Wy-1)0(q)(uz © uy).
(z),(y)
On the other hand, applying ( gy ®Q)o (0 ® hy) ® (hy ® O,), we obtain:

hz®0,
4R Uy ® Uy ——— wa@)ggg(wmﬂ ® ¢ Q Ug) @ Uy
()
= Zwm ® ¢, @ uy, where ¢(q.,) Zw —10(q) Uy,
(@) (x)

O, ®h,
— Z we ® wy @ gy(wy-1 ® ¢, @ uy)
(2),(»)

- Z Wy @ Wy @ qp s
(z),(y)

o
Z (we © Wy) @Gy, (65)
(2),(y)

12,00

where

qu Z w _1¢ qx - Z w _1( _ld) Z _1 O w _1)¢(q)(u g“y) = d)(qz,y)
(),(y) (2),(y) (z),(y)

Since ¢ is injective, we get qé,y = ¢,y Consequently, (64) and (65) imply that the diagram is commutative.
The commutativity of (63) may be expressed as follows: given g € @, u, € O, and u, € ©,, denote

he(q®uy) = Zu ®¢; and hy(g ®uy) = Zu’ﬁ@qw
=1

Then,
o) i © i
hay(q ® (e S uy)) = > (u) 6 ul?) @ qi 5. (66)
i
Consider now the R-bimodule isomorphism F, : Q ® 0, ® Q' — O, defined by F, := h, ® Q~", that
is, given ¢ € Q,u, € ©, and ¢ € Q1| if we denote h,(q ® u,) = Zu; ® g;, then

i=1

Frlg®u, ©q) = ) uillq;©q) € Q,
=1

n
where f.(¢® u, ® q) = Zufc ® q;, where Q ®p Q! LR Q! ®r Q are R-bimodule isomorphisms.
i=1
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Claim 5.17. ¢3([Q]) = [A(©)] in Co(O/R).

Indeed, it suffices to verify that the following diagram is commutative

£y
Q®RO,2Q07'eQ®0,2Q! Rl, ®Q®0,,®Q"
Fw®Fyl lF‘my
0,®0, - Rl, ® Oy

Let 1,02 € Q, 31,32 € Q L, uy, €O, e uy € ©,. Write

i=1

ho(gn ®@ug) =Y ub®q; and hy(q @ (@1 ® g2)uy) = Y ui? @ g ;.
j=1
Then, by (66)

o ,_ F O
hay(gi @ (uz 0 t(q1 ® g2)uy)) = Z(Ui o uy’) ® gij.

.7

Thus,

o ,_ _
(Feyo [2,)(@1 @ us ® @1 @ g2 @ uy ® G2) = Fay (g1 © (uz © v(q1 © q2)uy) © 2)

—Zu ou ng®Q2)

On the other hand, applying fgy o(Fp ®Fy) to g1 ®uz @ 1 ® g2 ® uy ® G2, we obtain
(1 ®Us @G @ g2 Uy @ Ga) — ZU;[(% ®q1) @ hy(q2 @uy) @ q2
i=1

= ul @Uqi ®q)hy(g2 @ uy) ® G2 = Zu ® hy(I(¢; ® q1)g2 ® uy) ® g2

i=1

—ZU ® hy(git(q1 ® g2) @ uy) ® Go = ZU ® hy(gi @ v(q1 ® g2)uy) ® @2

i=1
=D U @uy @q; @@~y ul@uiil(g,; ® 3)
i,J ]
e .. B
— Z(u; o u;j])[(qu ® ¢2)-
()

Hence, F, o f&, = f2,0(F, ®F,), for all 2,y € G. Therefore, A(Q9) ~ A(©) as generalized partial crossed
products. This yields that 3([Q]) = [A(Q9)] = [A(O)] in Co(O/R) and, consequently, [Q] € ker(ip3).

If [P] € ker(y3), then there exists an isomorphism of generalized partial crossed products j : A(QF) —
A(©). This means that, for each = € G, there exists an R-bimodule isomorphism j, : PO, ® P~! — O,
such that the diagram
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z,y

PO, 9P 'ePrO, P! Rl, ® P®©O,, ® P~! (67)

0, ® @y Rl, ® exy

(€]
fary

is commutative. Given u, € ©, e u, € 6, denote

' (u Zm@u ®@pi e j, (uy) ij®u3®p] (68)

1=1 Jj=1

Then, by the commutativity of the diagram, we obtain

3 @ : _
jxy ur O uy Zpl t pz ®pj) gJJ) & pj. (69)

.1
Let i : ©, ® P — P ® O, be defined by iy : O, 9P 2%, pgo, 9P '@P — P®0,, that is,

given p € P and u, € O, if j,; ! sz ® u’, @ p;, then
i=1

n
iz (Uz @ p) = sz‘ ® ugt(p; ® p).
i=1

Put i := P, iz : A(O) ® P — P ® A(O). Let us verify that 7 satisfies conditions (58) and (59) of
Lemma 5.11. The first condition is:

(P®fgy)o(ix®9y)o(®z®iy):ixyo(fgy@)P) Vz,yeQG.

Let p € P,ug € Oy, u, € O, in the notation of (68), then iy, o (fS, ® P) is given by:

e 1, ©
Uy @ Uy @P > (Ug O Uy) @ P = Jou (Uz O Uy) @ p

(OQ)Z;@% ( (5 ©p;) © {,)®ﬁj®p
Hsz ( (5 ©p;) © )t(ﬁj®p)-

On the other hand, (P ® f,) o (iz ® ©,) o (0, ® i) is given by:

m
0, ®i P
Uy @ Uy @ P — E um®pj®u;t(pj®p)
Jj=1
1,06,

Zpi ® ulr(p; ® pj) @ ult(p; @ p)
4,J

Lol sz ( WP © py) 0 wle(p) ®p)>

= Tne (we(pi @ p)) S ) iy @ ).
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Consequently, i satisfies condition (58). Since j is an isomorphism of generalized partial crossed products,
then j; o vp =1, where vp is given in Remark 5.9. Then

) =) = ve() =) pr @ (1) @ B,

where Z l(pr ® pr,) = 1, for all r € R. Hence,
k=1

i1(1®p) = Zpk ®t(pr ®@p) = Zpkt(ﬁk ®p)® Z l(pr @pr)p®1=p® 1.
k=1 k=1 k=1
Therefore, i satisfies also condition (59). It follows from Lemma 5.11 that P ® A(©) is an A(O)-bimodule

via:

(p®uz)*uy:p®(uw(?>uy) and uy * (p ® ug) sz U;C’Uz)

where i, (u, ® p) = Zpi ® u; We construct the isomorphism i, : ©, @ P~! — P! ® O, by:
i=1

.:0,9P ' P loPer0,0P 2 plge,,

that is, i, (u; @ p) = Zﬁk ® Ju (Pk @ uy @ P), where Zt(ﬁk @pr)=1.Leti=@,cqiz: AO)@ P —
k=1 k=1
P71 @k A(©). We shall verify that i also satlsﬁes the conditions of Lemma 5.11. Let u, € O,,u, € O, and

p € P71, Take any two decompositions Zt(ﬁk ®pr) = 1 and Zt(ﬁl ®p;) = 1. Then, (P ® ff?y) o (iz ®

B k=1 =1
©,) 0 (0, ®1,) is given by:
0,87, <—
1 _ . —
Uy ® Uy @P —— ZUgc ® P @ Jy(p1 ® uy @ p)
=1
12 ®O _ . _ . _
! Y Zpk ® Jz(Pr ® Uy @ Pp) @ Jy(p1 ® uy ® P)
k.l
PRFY
— ) Dk® (]z(pk: D s @ P) S jy(p1 @ ®P))
k.l

—
*
~

. _ o _
= Zpk ® Jay (P ® (uzt(Dr @ pr) © uy) @ p)
k.l

~ _ . (C] _
Zpk ®]wy(pk & (um © uy) ®p)
k=1

= Za:y((uac g) uy) ®Z_7)
= gy o (f2, ® P ) (ug ®uy ®P),
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where the equality (x) comes from the commutativity of diagram (67). Consequently, (P ® f2,) o (iz ©©,) o
(B2 @ iy) = izy o (f2, ® P~1). For the second condition we have

n n n

H1ep) =Y w@hpi@10p) =Y @lpr@p) =Y mrlpr®p) @1
k=1 k=1 k=1

=) tprop)p®1l=pa 1.

k=1

Lemma 5.11 implies that P~ ®z A(©) possesses a A(O)-bimodule structure given by i.

Claim 5.18. The isomorphism i is given byi= P7'®@i '@ P! where P"'®@i '@ P 1 : A@®) 2 P! —
P~ ® A(O©) is defined as in item (i) of Lemma 5.1.

Indeed, we first observe that i;!: P® 0, — O, ® P is given by i (p @ u,) = ij(p ® Uz @ Pp) R py,
=1

m
where Zt(ﬁl ® p;) = 1. Now, applying P~! ® i7! @ P~! for u, ® p we obtain:
=1

n n
Uy @D > Zﬁk Qpr Uz P> Zﬁk @i H(pr @uy) @ P = Zﬁk ® Ja(Pk @ Uy @ P1) @ P @ P

k=1 k=1 k,l

=Y Pk @ Ja(Pk ® e @ P)Ip1 @ P) = Y Dk @ o (Pk @ ua @ pil(pr ® D))
k,l k,l

=) Pk ® julpr @ up (P @P1)D) = Y Pk @ Ju(Pr @ tp ® D) = iz (g © D).
k,l k

By item (iv) of Lemma 5.14, we get that [P ® A(©)] € Pic(A(©)). Let us verify that
[P] =l¢}= [P ® A(O)] € Pz(A(0)/R)(S), where

¢o: P — P®A(O),
p — pXIL.

Note that

¢ PRRrAO) — P®A(O),
PR Uy —  P(p) * ug

is the identity, because
P(p) xup = (p®1) xupg =pR Uy =P @ Uy.
Thus, ¢, is an R-A(O)-bimodule isomorphism. By Remark 2.13, we have
[P] =)= [P @ A(O)] € Pz(A(B)/R).

Let us now verify that ¢(P) 0, = O, % ¢(P), for all z € G. Let p € P and u, € 0,. Denoting i, (u, ®p) =

n
E pi ® uy,, we compute
i=1
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n n

Ux*fﬁ(P):Ux*(p@l):Zpi@(uigI)ZZM@@U;:Z(M@U*U;:Z¢(pi)*ui € ¢(P) x Oy.
i=1 =1

i=1 i=1

Consequently, O, x¢(P) C ¢(P)*0,. On the other hand, since p@u, € PRrA(O) and i : A(O)@r P —

P®rA(O) is an isomorphism, there exist u/, € ©, and p; € P, j = 1,2, ...,m, such that i, Z ul ®p;| =
j=1
P R ugz. Then,
m ) m m )
D(p) * g =P R Uy =iy ZU;Q@;DJ‘ = Zug; #(p;®1) = Zujz * ¢(pj) € Oz % ¢(P).
j=1 j=1 j=1

Thus, ¢(P)*x0, C O,*¢(P) and, consequently, we obtain the desired equality. Therefore,
[P] —lvl= [P ®r A(®)] € Pz(A(O)/R)).

Obviously, w2 [P] =l¢l=> [P ® A(O)] ) = [P] and, hence, [P] € Im(p2). O

5.3. The group B(©/R) and the third exact sequence

Define the group B(6©/R) by the exact sequence

Picz(R)@ — £~ C(©/R) — = BO/R) — = 1,

that is,

B(©/R) =

Notation: If f : G; — G52 is a homomorphism of groups, we denote by f¢ the co-kernel of f, that is,
fc : G2 — Gg/Im(f)

Proposition 5.19. The sequence

¥3 P4

Picz(R) NPicSz(R)*

Co(©/R)

B(©/R),
where @4 is L restricted to Co(O/R), is exact.
Proof. Clearly, Im(¢p3) C ker(ps). Let [A(T)] € Co(©/R) be such that ¢4([A(T)]) = [1] in B(©/R). Then

there exists [P] € Picz(R)(“) such that £([P]) = [A(T")]. In particular, I, ~ P® 0, ® P~!, for all z € G.
Thus, we have that ©, ', ~ PR 0, @ P!, forallz € G. Then 0, ® P ~ P® O,, for all z € G. Hence,

*

[P] € Picz(R) NPicSz(R)* and [A(T)] € Im(ps). O
5.4. The group HY(G,o*, PicSo(R)) and the fourth exact sequence
Define

PicSo(R) = {[P] € PicS(R); P|R as bimodules}.
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Lemma 5.20.

(i) PicSo(R) is commutative.
(ii) PicSo(R) C PicSz(R).
(iii) If [P] € PicSo(R), then [0, ® P ® ©,-1] € PicSy(R).
(iv) U(PicSo(R)) C Picz(R)(“).

Proof. Ttem (i) directly follows from Proposition 2.10.

(ii) Let [P] € PicSg(R). By Remark 2.9, we obtain that P is a central Z-bimodule. Consequently,
PicSo(R) C PicSz(R).

(iii) If [P] € PicSo(R), then P|R and by the compatibility with the tensor product, ©, @ P® 0,-1|0, ®
©,-1 ~ R1,. It follows by the transitivity that ©,® P®O,-1|R, for each z € G. Therefore, [0,QPRO,-1] €
PicSo(R).

(iv) If [P] € U(PicSo(R)), then by (ii) we have [P] € Picz(R). Since P|R and P~!|R, it follows that
P®©,® P710,, for each z € G. Hence, [P] € Picz(R)\¥. O

Items (ii) and (iii) of Lemma 5.20 imply that we may restrict each isomorphism « : PicSz(R)[R1,-:] —
PicSz(R)[R1,], defined by o ([P][Rl:]) = [0z ® P ® ©4-1], to the ideal PicSo(R)[R1,-:] and obtain a
partial action of G on PicSy(R).

Given [A(T')] € C(©/R), since I'|O,, then I'; ® ©,-1|R, for all x € G. Thus, [['; ® O,-1] € PicSy(R).
Define f!': G — PicSo(R) by fI'(x) = [ ® ©,-1], for all z € G. We have that f'(z) € PicSo(R)[R1.]
and

[ ®0,-1]0, @T,-1] =, ®0,-1 0, @T,-1] = [, ® Rl,-1  [',-1] = [R1,].

Consequently, fI'(z) = [[, ®r 0,-1] € U(PicSo(R)[R1.]), for each € G. Moreover, given z,y € G, we
obtain by (iii) of Lemma 3.7 that

(L WIRL ) (@) (1) = [0, @ Ty © Oy 1 8 0,110y @ Tiayy ][ ® O]
=0, 9y ®0,-1®0,-1 R0, (-1 @y ® O]
=[0, 3T, @ Rly-1 ® Rl(zy)-1 @ T (51 @ @ Op1]
=[0, 9Ty ®T(5y)-1 @2 ® O,-1]
=10, ®Rly ® R1,-1 ® ©,-1]
= [Rlyy ® 0, ® O, 1]
=

Rlxy ® R1 ] [Rlx][Rlacy]
Hence, fI' € ZY(G,a*, PicSo(R)), for all [A(T)] € C(©/R).
Lemma 5.21. The map

C: C(O/R) —s Z'(G,a*,PicSo(R)),
A — fh

is a group homomorphism whose kernel is Co(©/R).

Proof. If [A(T")] = [A(Q)] in C(O/R), we have T';, ~ Q,, for all x € G. Then, I', ® ©,-1 ~ Q, ® O,-1, for
all x € G. Therefore,
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ff2) =T, ®0,-1]=[2 ®6,1] = f*z), foralzecd.

Thus, fI' = f% in Z}(G,a*,PicSy(R)) and, consequently, ¢ is well-defined.
Let [A(D)],[A(Q)] € C(O/R). Since [AT)AQ)] = [B,ceTe ® O, 1 @ 2] in C(6/), then

M 2) =T, ®0, 1 ®0% 60, 1] =, ®0,1][Q ® 0, 1] = fI(z)f* =),

for each © € G. Hence, f1* = fU'f% in Z1(G, a*, PicSo(R)). Therefore, ¢ is a group homomorphism.
It remains to verify that ker(¢{) = Co(©/R). If [A(T")] € Co(©/R), then T',, ~ O,, for each x € G. Hence,

@)=l ®60,1]=[0,®6,1]=[Rl,], forallz €G.

Therefore, [A(T')] € ker(¢). On the other hand, let [A(T")] € ker(¢). Then, I'y ® ©,-1 ~ RI1,, for each
x € G. Taking the tensor product with ©,, we obtain I'y ® R1,-1 ~ R1l, ® O, and consequently I', ~
O, for all z € G. Thus, [A(T")] € Co(©/R). O

Define the group H(G,a*, PicSo(R)) by the exact sequence

Picz(R)(©) — — — — — — — — >~ 7'(G,a*,PicSo(R)) — HL(G,a*, PicSy(R)) — 1

that is,

- . e B ZYG, a*,PicSo(R))
H(G,a",PicSo(R)) = (Co L) (Picz(R)©@)

Remark 5.22. A natural question is the following: what is the relation between B(G, a*, PicSo(R)) and
the image of ¢ o £? The inclusion B(G,a*, PicSo(R)) C Im(¢ o £) always holds.

Indeed, let p € BY(G,a*, PicSo(R)), then there exists [P] € U(PicSo(R)) C Picz(R)@) (see
Lemma 5.20), such that
p(@) = %((PIRL ) [P = [0, & P© 6, 1][P~!) = [0, ® P© 0,1 & P~]
=[P ©6, ® P®O,1] = ((L([P7))(2),
for all x € G. Hence, B} (G, a*,PicSo(R)) C Im(¢ o £), as desired.

As in [28, Proposition 4.9] define the homomorphism 5 : B(©/R) — HL(G,a*,PicSo(R)) by means
of the following commutative diagram:

Co(j/R)
Picz(R)© —© C(O/R) £ B(6/R) 1
|
Cl \L@s

Ly
Z1(G, o*, PicSo(R)) 2~ HT(G, o, PicSo(R)) — 1

The proof of the next proposition follows the same steps of the [28, Proposition 4.9].
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Proposition 5.23. The sequence

Co(0/R) 1~ B(O/R) 22~ HI(G, o*, PicSo(R))
1s exact.
5.5. The fifth eract sequence
Let g be a normalized 1-cocycle in Z1(G, a*, PicSy(R)), that is,

g: G — PicSy(R),
x — [V,

where [V;] € U(PicSo(R)[R1;]), for all z € G and

a;(9y[R1y-1])92y 90 = [R1.][R1y,], forall z,y € G. (70)

Observe that

ay(gy[R1,-1])[©4] = [©4]gy, forall z,y € G. (71)
Indeed,
o (gy[R1:-1])[0:] = [0, ® Vy ® 0,-1][0,] = [0, ® V, @ R1,-1]
=[0;®R1,-1®V,]|=[0,®V,] =[0.]gy.

Lemma 5.24. Let g be a normalized element in Z*(G, a*, PicSo(R)). Then

U: G — PicS(R),
T g.[Og],

is a unital partial representation with U, ® Uy-1 ~ R1, and U,|O,, for all x € G.

Proof. Since g is normalized, then [U1] = ¢1[01] = [R]. Given z,y € G, we have

UAUNT, 1] = 0:(0:10,(0419,110,1] 2 g2 (9y[R11])[0:](0,], 1[0, ]

(7:()) gzy[RleRlzy] [Rlag][@xy]ng1 [@y*] = gzy[ler][@wy]gyfl [@yfl]

= gwy[nyHRlyfl}gyfl [@yfl] = Gxy [@my]gy*1 [Rlyfl}[e)yfl]
= gwy[@my]gy*[@y*] = [Usy] [nyl]'
Analogously, [U,-1][U,][Uy] = [U,-1][Usy] for all z,y € G. Again, since g is normalized, we have:

[Um} [Uz—l] = gz[gz]gw—l[@w_l} (2) gza;(ga:—l[le—l])[@z][@m—l] = [gl][R]-fC] = [R] [R]-CE] = [Rlx]v

for all x € G. Moreover, since g, = [V;] € PicSo(R), then V,|R, for all x € G. Hence, U, ~ V, ® 0,|0,,
forallz € G. O
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Due to the fact that U is a unital partial representation, Lemma 3.7 implies that there exists a family of
R-bimodule isomorphisms

FO={f2, U @p Uy — Rl, @ Upy =~ 1,U,y, ¥ 2,y € G} (72)
As [U3] = [R], we may choose a family of representatives {U,},cq with U3 = R and a family of R-bimodule

isomorphisms f9 with ff,l U, ® R — U, and flgyz : R® U, — U, given by the left and right actions
of R on Uy, respectively. Then the commutative diagrams in (35) are trivially satisfied. By Corollary 3.16

there exists a partial 3-cocycle 37 _ in Zg(G, a, Z) associated to f9.

)

Lemma 5.25. The map

§: ZYG,a*,PicSo(R)) — H(G,a,Z2),
g — B _ ],
is a group homomorphism. Moreover,
do ¢ =11], (73)
where C is the homomorphism defined in Lemma 5.21.
Proof. By Proposition 3.17, [ﬁ9_7_,_] € H3(G,a, Z) does not depend on the choice of the family of R-

bimodules {U, }.cq, nor on the choice of the family of the R-bimodule isomorphisms f9 and, thus, § is
well-defined. Let g, h € Z1(G, a*,PicSo(R)). Denote [U,| = ¢.[0.] and [V,] = h,[0,], for all z € G. Let

f2, U @U, — 1,Usy and fl,:Vo®V, — 1,Voy z,y€G,

—_~ e/~

be families of R-bimodule isomorphisms and let Y . and 63_7_ be the associated 3-cocycles in
ZE(G,a, Z). Let [W,] = g,h;[0,], for all z € G. Then,

(W] = g2h2 (0] = goha[R1:][02] = g2[R1:]h2[02] = 92[0:][04-11h2 0] = [Uz ® Op-1 ® Vi,

for each z € G. Let fggf; be the R-bimodule isomorphisms defined by

T
Us ® 01 @ Vo ® Uy ®0,1 @ Vy ——> Up @U, ® 0,1 ® 0,1 @V, @V,
N\
\ lf:,yw:z,@f:;y

N 1:Uzy ® 1y*1@(zy)*1 ® 14 Vay

gh <
s,

T 1oUzy @ e(acy)‘1 ® Vay

where T: 0,1 @V, U, ® Oy-1 — Uy, ® O,-1 ® O,-1 ® V,, is the isomorphism from Proposition 2.10.

—_~—

By Lemma 3.18, we obtain that ﬂﬂ?_ﬁ =p? __ ph . Hence,

Sgh) = (7 =18 B =[5 8] = d(g)d(h),
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and, consequently, § is group homomorphism. As to (73), take [A(T')] € C(©/R) and denote fI' = (([A(T)]),
that is, fI = [[,][©,-1], for all # € G. Thus,

[Us] := fL[0.] = [T4])[04-1][04] = [T4][R1,-1] = [T,], forallz e G.

Consider a family of R-bimodule isomorphisms fI = {fgy Iy®Ty — 1,14y, x,y € G} which is a factor

is trivial. Therefore, 6(C([A(D)])) = [1] em HE(G,a, Z). O

e~

set for A(T"). Then 5'70?

As in [28, Proposition 4.10] define g : HY(G,a*,PicSo(R)) — H3(G,a, Z) via the commutative
diagram:

L L) ——
Picz(R)(@) B ZYG, a*, PicSo(R)) i HY(G,a*,PicSy(R)) — 1
5l - e
A
H3(G,a, 2).

Proposition 5.26. The sequence

B(©/R) —=~ HY(G,a*,PicSo(R)) —— H3(G, o, Z)
is exact.

Proof. Let h € Z'(G, a*,PicSo(R)) be such that ((£)¢(h) € Im(ps). Then there exists [A(T')] € C(O/R),
with o5 (LE([AT)])) = (¢L)¢(h). In view of the commutativity of the diagram and thanks to (73), we have

26 ((CL)(h)) = @o(ps (LY([AM)]))) = (0 O(AM)]) = [1].

Hence, Im(p5) C ker(pg).

For the converse inclusion, take h € Z'(G, a*, PicSo(R)) with ¢g((¢L)¢(h)) = [1] in HE (G, a, Z). By
the commutativity of the diagram we get that d(h) = [1] in HZ(G, a, Z). Denoting §(h) = |- __] €
B (G, a, Z), we have that there exists o_ _ : G x G — Z, with 0, , € U(Z1,1,,), for all z,y € G, and

_ —1 1
Bry,z = Qz(0y 2151 )U:cy7z‘7w,yzam,yv

for all z,y, z € G. Define [Q;] := hy[O,], for all x € G and consider the family of associated isomorphisms
fh as in (72). Then, by definition, we have that £, o fﬁyz o (2 ® fyhz) = J'}y,z o ( ;ﬁy ® ), for all

x,y,z € G. By Lemma 5.24, we obtain that Q : G — PicS(R), defined by [Q,] = h,[©.], is a unital partial
representation with Q, ® Q-1 ~ R1, and Q,|0,, for all z € G. By Proposition 3.15, we have that

tho.
eyt 2@y — 1,04,
Wz & Wy 7 Ozy J}:L,y(wﬂi ® wy),

is a factor set for Q. Hence, A(Q) is a generalized partial crossed product with [A(Q)] € C(©/R). Moreover,
C([A(Q)]) = h. Then, by the commutativity of the diagram, we obtain

@5 (L([AM)]) = ((CL)° 0 O[A(D)]) = (CL)*(h).

Thus, (C£)¢(h) € Im(ys). Therefore, ker(vg) C Im(ps) and, consequently, the sequence is exact. O
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Recalling that Co(©/R) ~ H3(G, a, Z), thanks to Proposition 4.4, we derive from Theorems 5.5 and 5.15
and from Propositions 5.19, 5.23 and 5.26 our main result:

Theorem 5.27. The sequence

Y1 $p2

1 ——= H{(G,a, 2)

P=(A(O©)/R)©@ Picz(R) N PicSz(R)® ——= HZ(G,a, Z)

P4 ®5

B(©/R)

Y6

H' (G, ", PicSy(R)) H3 (G, o, Z)

is exact.
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