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Given a non-necessarily commutative unital ring R and a unital partial representa-
tion Θ of a group G into the Picard semigroup PicS(R) of the isomorphism classes 
of partially invertible R-bimodules, we construct an abelian group C(Θ/R) formed 
by the isomorphism classes of partial generalized crossed products related to Θ and 
identify an appropriate second partial cohomology group of G with a naturally de-
fined subgroup C0(Θ/R) of C(Θ/R). Then we use the obtained results to give an 
analogue of the Chase-Harrison-Rosenberg exact sequence associated with an exten-
sion of non-necessarily commutative rings R ⊆ S with the same unity and a unital 
partial representation G → SR(S) of an arbitrary group G into the monoid SR(S)
of the R-subbimodules of S. This generalizes the works by Kanzaki and Miyashita.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction

The purpose of this paper is to give a partial action version of the Y. Miyashita’s non-commutative 
analogue [45] of the Chase-Harrison-Rosenberg sequence [7]. The latter is related to a Galois extension 
RG ⊆ R of commutative unital rings with a finite Galois group G and was obtained applying a seven term 
Amitsur cohomology exact sequence of S. U. Chase and A. Rosenberg [8], proved using spectral sequences. 
A constructive proof of the Chase-Harrison-Rosenberg sequence was given by T. Kanzaki [37], employing 
the novel notion of a generalized crossed product. The sequence is of the form

0 → H1(G,U(R))→Pic(RG)→Pic(R)G→H2(G,U(R))→B(R/RG)→H1(G,Pic(R))→H3(G,U(R)),
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where Pic(R) is the Picard group of the isomorphism classes of finitely generated projective R-modules of 
rank 1, Hn(G,− ) is the cohomology group of G and B(R/RG) is the relative Brauer group, whose elements 
are the equivalence classes of the Azumaya RG-algebras split by R. There is an induced action of G on 
Pic(R), and Pic(R)G denotes the subgroup of the elements fixed by the action. If R is a field, then the 
first homomorphism of the sequence immediately gives Emmy Noether’s theorem H1(G, U(R)) = 1, which 
extends the E. Kummer’s result of 1855 on cyclic field extensions, known as Hilbert’s Theorem 90 due 
to the fact of being listed under number 90 in D. Hilbert’s Zahlbericht. Another important fact, being 
generalized by the sequence, is the crossed product theorem, stating that if R is a field, then the map 
H2(G, U(R)) � [f ] �→ [R∗f G] ∈ B(R/RG) is an isomorphism of groups, where R∗f G stands for the crossed 
product associated with the 2-cocycle f and the Galois action of G on R.

Besides Galois theory, crossed products are relevant in ring theory, in the theory of von Neumann algebras 
and in that of C∗-algebras. In the latter area more general types of crossed products were introduced, in 
particular, crossed products by partial actions, which are useful to deal with important classes of C∗-algebras 
generated by partial isometries. Prominent early examples of partial crossed product descriptions include 
those for the Cuntz-Krieger C∗-algebras [29] and for the more general Exel-Laca C∗-algebras [33]. Among 
the more recent relevant examples we mention the tame C∗-algebras related to finite bipartite separated 
graphs [1], the full and reduced C∗-algebras of E-unitary or strongly E∗-unitary inverse semigroups [43], 
the Carlsen-Matsumoto C∗-algebras associated to arbitrary subshifts on finite alphabets [16] and certain 
ultragraph C∗-algebras [35]. Highly interesting particular cases include C∗-algebras associated to dynamical 
systems of type (m, n) (see [2]) and graph C∗-algebras (see [32]).

In algebra, partial crossed products turned out be applicable to group graded algebras [15], [18], to Hecke 
algebras [31], to Leavitt path algebras [34] and to Steinberg algebras [9], [5], [36]. In particular, it was shown 
in [18] that any group graded algebra A, satisfying a natural mild condition, after passing to finite matrices 
over A of an appropriate infinite size, becomes a crossed product by a twisted partial action. This is an 
algebraic analogue of R. Exel’s result [30] on C∗-algebraic bundles. In addition, partial crossed product 
analogues are useful for semigroups, as it can be seen in [38], [10], [40], [41], [42].

Among the diverse algebraic developments on partial actions we mention two steps related to our theme: 
the partial action treatment of Galois theory of commutative rings in [19] and the introduction of a group 
cohomology based on partial actions in [20]. While the former inspired a Hopf theoretic approach to partial 
actions by S. Caenepeel and K. Janssen in [6], which in its turn became a starting point for interesting and 
fruitful Hopf theoretic developments, the latter is useful for partial projective group representations [25], for 
extensions of semi-lattices of groups by groups [21] and to the study of the ideal structure of reduced (global) 
C∗-crossed products [39]. It also influenced the introduction of partial cohomology of Hopf algebras in [4]
and that of groupoids in [48]. For more information on advances around partial actions and applications 
the reader is referred to R. Exel’s book [32] and to the survey article [14].

In view of the above mentioned progresses, it was natural to generalize the Chase-Harrison-Rosenberg 
sequence to partial Galois extensions of commutative rings. This was done in a sequence of two papers [22]
and [23]. New ingredients came into the picture: the first one is the inverse semigroup PicS(R) of the finitely 
generated projective R-modules of rank ≤ 1, on which the Galois partial action α of the finite group G on 
the commutative unital ring R induces a partial action α∗; the second one is certain partial representations 
needed to introduce a partial version of generalized crossed products. All (global) cohomology groups in the 
Chase-Harrison-Rosenberg sequence are substituted by their partial theoretic analogues, and the sequence 
takes the form:

0 → H1(G,α,R)→Pic(Rα)→PicS(R)α
∗ ∩ Pic(R)→H2(G,α,R)→B(R/Rα)→

H1(G,α∗,PicS(R))→H3(G,α,R),
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where Rα and PicS(R)α∗ are the subring and the submonoid of partial invariants, respectively (see Sec-
tion 3.1 for definitions). Two immediate consequences of the sequence are a partial version of the Hilbert’s 
Theorem 90 [23, Corollary 6.8] and the partial crossed product theorem [23, Corollary 6.9].

T. Kanzaki’s proof of the Chase-Harrison-Rosenberg sequence inspired Y. Miyashita to use generalized 
crossed products to produce a non-commutative analogue of the sequence [45]. Instead of a Galois extension, 
Miyashita’s sequence is related to a rather general setting of a ring extension R ⊆ S with the same unity and 
a fixed homomorphism Θ : G → InvR(S), where G is an arbitrary non-necessarily finite group and InvR(S)
is the group of invertible R-subbimodules of S. The sequence has a somewhat different form, but the case 
of a Galois extension of commutative rings RG ⊆ R can be recovered by taking S = R � G and a rather 
natural homomorphism G → InvR(R�G), where R ∗G is the skew group ring by the Galois action of G on 
R. One of the crucial ingredients of the non-commutative version of the sequence is an appropriate analogue 
B(Θ/R) of the Brauer group. It is defined as a quotient of the abelian group C(Θ/R) of the isomorphism 
classes of certain generalized crossed products related to Θ. A subgroup C0(Θ/R) of C(Θ/R) is shown to be 
isomorphic to a second cohomology group of G, and the restriction of the natural map C(Θ/R) → B(Θ/R)
to C0(Θ/R) provides one of the homomorphisms of the sequence. Miyashita’s sequence was extended for a 
technically more difficult case of rings with local units by L. El Kaoutit and J. Gómez-Torrecillas in [28]
using their results from [27].

Several other articles related to the Chase-Harrison-Rosenberg sequence were published. In particular, in 
[12] D. Crocker, I. Raeburn and D. Williams obtained a C∗-analogue of the sequence, using the equivariant 
version of the Picard group [12, Proposition 2], that of the Brauer group [11] and the cohomology theory 
developed by C. C. Moore [46] for actions of locally compact groups on Polish modules.

We begin by giving some preliminary facts on projective modules over a non-necessarily commutative 
ring R with 1 in Section 2.1, followed by the notion of the generalized Picard semigroup PicS(R) of the 
isomorphism classes of the partially invertible R-bimodules in Section 2.2 and by some technical facts on 
the bimodule relation M |N and isomorphisms of the form M ⊗RN � N ⊗RM in Section 2.3. Furthermore, 
given an extension of rings R ⊆ S with the same unity, we recall in Section 2.4 the definition of the group 
P(S/R) of the isomorphism classes of certain R-bimodule maps P → X, where P is an R-bimodule, whose 
isomorphism class [P ] lies in the Picard group Pic(R) and [X] ∈ Pic(S). The group P(S/R) participates 
an exact sequence given in [45, Theorem 1.5] (see also [27, Proposition 5.1]), which is used to construct the 
first two homomorphisms of our main sequence, whose second term is an appropriate subgroup of P(S/R).

Section 3 deals with partial generalized crossed products. After recalling in Section 3.1 some background 
on partial actions, partial representations and partial cohomology of a group G, we give in Section 3.2
some auxiliary facts related to a unital partial representation of the form G → PicS(R) and, given such a 
representation, construct the associated partial actions α and α∗ on Z and PicS(R), respectively, where Z
stands for the center of R. In particular, this allows us to consider partial cohomology groups of a group G
with values in Z, which we denote by Hn

Θ(G, α, Z). Notice that along with the usual concept of a partial 
action of a group on a semigroup, in which the domains of the partial isomorphisms are assumed to be 
two-sided ideals, it may be useful to keep in mind a relaxed version allowing them to be only subsemigroups 
(see Definition 3.1 and Proposition 3.3).

The main technical part of Section 3 is concentrated in Section 3.3, where we give the concept of 
a factor set and that of a generalized crossed product related to a fixed unital partial representation 
Θ : G → PicS(R), and prove several results on them. Factor sets are needed to produce generalized 
partial crossed products and they may arise from partial representations Θ as families of R-bimodule iso-
morphisms of the form fΘ = {fΘ

x,y : Θx ⊗R Θy −→ 1xΘxy, x, y ∈ G}, where 1x, (x ∈ G), is a central 
idempotent in R. An obstruction for fΘ to be a factor set is a partial 3-cocycle (see Proposition 3.15 and 
Corollary 3.16), which is automatically trivial if the partial representation comes from that of the form 
Θ : G → SR(S). Here SR(S) denotes the set of the R-subbimodules of S, equipped with the natural multi-
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plication MN =
{∑

mini; mi ∈ M,ni ∈ N
}

, M, N ∈ SR(S), turning SR(S) into a monoid with neutral 
element R. Section 3.4 gives some preliminaries on unital partial representations G → SR(S).

As it can be seen already in [22] and [23], it is more laborious to deal with the partial action setting. 
The non-commutative case brings new technical challenges, and a big part of the work is related to the 
partial action version of the group C(Θ/R), to which Section 4 is dedicated. More specifically, given a unital 
partial representation Θ : G −→ PicS(R) we construct in Theorem 4.1 the abelian group C(Θ/R) of the 
isomorphism classes of certain generalized crossed products related to Θ. Its subgroup C0(Θ/R) is given 
in Proposition 4.2 and an isomorphism between C0(Θ/R) and a second partial cohomology group of G is 
established in Theorem 4.4.

Our seven term exact sequence is obtained in a series of subsections of Section 5, and it is produced 
starting with an extension of rings R ⊆ S with the same unity and a fixed unital partial representation 
Θ : G → SR(S). An important step is the construction in Section 5.2 of a group homomorphism L :
PicZ(R)(G) → C(Θ/R) (see Theorem 5.10), where PicZ(R)(G) is a subgroup of PicZ(R) ⊆ Pic(R) (see 
Section 2.2 and Lemma 5.6). The homomorphism L is used to define our analogue of the Brauer group in 

Section 5.3 as the quotient B(Θ/R) = C(Θ/R)
Im(L) .

The sixth term H1(G, α∗, PicS0(R)) of our sequence is introduced in Section 5.4 and it involves 1-
cocycles with values in the subsemigroup PicS0(R) ⊆ PicS(R) provided by Lemma 5.20. The same 
lemma implies that the partial action α∗ of G on PicS(R) can be restricted to PicS0(R). Then the 

group H1(G, α∗, PicS0(R)) is defined as the quotient Z1(G,α∗,PicS0(R))
(ζ ◦ L)(PicZ(R)(G))

, where ζ : C(Θ/R) −→

Z1(G, α∗, PicS0(R)) is the group homomorphism given in Lemma 5.21. It follows by Remark 5.22 that 
H1(G, α∗, PicS0(R)) is a quotient of the partial cohomology group H1(G, α∗, PicS0(R)).

Besides being used in the definition of our version B(Θ/R) of a Brauer group, the map L is involved in 
the construction of three consecutive homomorphisms of our sequence:

PicZ(R) ∩ PicSZ(R)α
∗ → H2

Θ(G,α,Z) → B(Θ/R) → H
1(G,α∗,PicS0(R))

(see Proposition 5.19, Proposition 5.23 and the definition of ϕ3 after the proof of Theorem 5.10). The entire 
sequence is given in Theorem 5.27, and it is of the form:

1 → H1
Θ(G,α,Z) → PZ(Δ(Θ)/R)(G) → PicZ(R) ∩ PicSZ(R)α

∗ → H2
Θ(G,α,Z) → B(Θ/R)

→ H
1(G,α∗,PicS0(R)) → H3

Θ(G,α,Z),

where the subgroup PZ(Δ(Θ)/R)(G) of P(Δ(Θ)/R) is defined in Section 5.1 (see Lemma 5.2).
We omit some routine technical verifications. An insistent reader should be able to recover them. Alter-

natively, they may be found in the expanded version of the paper available in arXiv [24].

2. Background

In all what follows R will stand for an associative ring with unity element 1. We denote by Z the center 
of R and by U(R) the unit group of R. A right R-module M is called unital if m · 1 = m, for all m ∈ M . 
In this case, we have that MR = R and M ⊗R R � M via the right R-action on M , i.e. m ⊗ r �→ m · r. 
Analogously we define a left unital R-module. We shall sometimes write MR to say that M is a right module 
over R. The meaning of RM will be similar. Given an R-bimodule M we denote by AutR−R(M) the group 
of all (R, R)-bimodule automorphisms of M . Moreover, the bimodule M is called central if r ·m = m · r, 
for all m ∈ M and r ∈ R.
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Let e be a central idempotent of R and M an R-bimodule. Write eM = {m ∈ M : em = m}. Obviously, 
eM is an R-subbimodule of M , since e is a central element. Moreover, there is an R-bimodule isomorphism 
Re ⊗R M � eM defined by r ⊗m �→ rm, whose inverse is given by m �→ e ⊗m. Analogously, Me = {m ∈
M : me = m} is a R-subbimodule of M and M ⊗R Re � Me, as R-bimodules. If F : M → N is an 
isomorphism of R-bimodules, then the restriction of F to eM is an R-bimodule isomorphism onto eN . In 
some cases, for simplicity of notation, we will denote this restriction by the same symbol F .

2.1. Projective modules over non-commutative rings

In this section we list some properties of finitely generated projective R-modules, whose straightforward 
proofs are left to the reader.

Let M and N be R-bimodules. Then the sets Hom(MR, NR) and Hom(RM,R N) are R-bimodules via:

(r · f)(m) = rf(m) and (f · r)(m) = f(rm), f ∈ Hom(MR, NR),m ∈ M, r ∈ R, (1)

(r · g)(m) = g(mr) and (g · r)(m) = g(m)r, g ∈ Hom(RM,R N),m ∈ M, r ∈ R. (2)

In particular, taking N = R, we have that the sets ∗M = Hom(MR, RR) and M∗ = Hom(RM,R R) are 
R-bimodules via (1) and (2).

Lemma 2.1. Let P be an R-bimodule.

(i) If P is finitely generated projective as a right R-module, then the map ϕ : P ⊗R
∗P −→ End(PR), 

defined by ϕ(p ⊗ f)(p′) = pf(p′), is an R-bimodule isomorphism.
(ii) If P is finitely generated projective as a left R-module, then the map ϕ′ : P ∗⊗RP −→ End(RP ), defined 

by ϕ(f ⊗ p)(p′) = f(p′)p, is an R-bimodule isomorphism.

Lemma 2.2. Let P and Q be R-bimodules. If P and Q are finitely generated projective as right (left) R-
modules, then P ⊗R Q is a right (left) finitely generated projective R-module.

Lemma 2.3. Let P and Q be R-bimodules.

(i) If P and Q are finitely generated projective as right R-modules, then the map η : ∗P⊗R
∗Q → ∗(Q⊗R P ), 

defined by η(f ⊗ g)(p ⊗ q) = f(g(q)p), is an R-bimodule isomorphism.
(ii) If P and Q are finitely generated projective as left R-modules, then the map η′ : P ∗⊗RQ∗ → (Q ⊗RP )∗, 

defined by η′(f ⊗ g)(q ⊗ p) = g(qf(p)), is an R-bimodule isomorphism.

2.2. The generalized Picard semigroup

We recall that an R-bimodule P is called invertible if there exists an R-bimodule Q such that

P ⊗R Q � R � Q⊗R P,

as R-bimodules (see, for example, [3, Chapter II]). We shall need the following known fact.

Proposition 2.4. [3, Chapter II] Let P be an R-bimodule. Then the following are equivalent:

(a) P is invertible.
(b) P is a finitely generated projective right R-module, which is a generator and R � End(PR).
(c) P is a finitely generated projective left R-module, which is a generator and R � End(RP ).
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We also recall that the Picard group Pic(R) of a ring R is the set of the isomorphism classes of invertible 
R-bimodules with multiplication given by ⊗R. By [47, Theorem 1.1], ∗P � P ∗ as R-bimodules, and hence 
[∗P ] = [P ∗] = [P ]−1 in Pic(R). We shall write [P ]−1 = [P−1]. Note that we can choose the isomorphisms r
and l so that (R, R, P, P ∗, r, l) is a Morita context, and consequently:

l(p⊗ q)p′ = pr(q ⊗ p′) and r(q ⊗ p)q′ = ql(p⊗ q′), (3)

for all p, p′ ∈ P and q, q′ ∈ P ∗ (see [3, Chapter II]). For a K-algebra R over a commutative ring K we 
denote by PicK(R) the set of the isomorphism classes of invertible R-bimodules which are central over K, 
i.e., kp = pk for all k ∈ K and p ∈ P . In the case when R is commutative, we have that [P ] ∈ PicR(R) if 
and only if P is a finitely generated projective R-module of rank 1 (see, for example, [13, II, §5]).1

We say that an R-bimodule P is partially invertible if

(i) P is finitely generated projective left and right R-module;
(ii) The maps

R −→ End(PR)
r �−→ (p �→ rp)

and R −→ End(RP )
r �−→ (p �→ pr)

are epimorphisms.

Example 2.5. Let e ∈ R be a central idempotent and P an invertible Re-bimodule. Define a structure 
of an R-bimodule on P by setting r · p = (er)p and p · r = p(er), r ∈ R, p ∈ P . Then End(PR) =
End(PeR), End(RP ) = End(eRP ) and it is readily seen that P is a partially invertible R-bimodule.

We denote by PicS(R) the set of the isomorphism classes [P ] of partially invertible R-bimodules, that 
is,

PicS(R) = {[P ], P is a partially invertible R-bimodule}.

Proposition 2.6. PicS(R) is a monoid with multiplication defined by [P ][Q] = [P ⊗R Q].

Proof. By Lemma 2.2, we have that P⊗RQ is a left and right finitely generated projective R-module. Let 
ψ be the map defined by the following chain of R-bimodule isomorphisms:

R

ψ

End(PR)
ϕ−1

P

P⊗R
∗P P⊗RR⊗R

∗P P⊗REnd(QR)⊗R
∗P

P⊗Rϕ−1
Q ⊗R

∗P

P⊗RQ⊗R
∗Q⊗R

∗P

P⊗Q⊗η

P⊗RQ⊗R
∗(P⊗RQ)

ϕP⊗Q

End(P⊗RQ)

1 If R is commutative, then PicR(R) is usually denoted simply by Pic(R).
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where ϕP , ϕQ and ϕP⊗RQ are as in Lemma 2.1 and η is the isomorphism given by Lemma 2.3. Then ψ is 
onto and it is directly verified that

ψ(r)(p⊗ q) = rp⊗ q.

Analogously, ψ′ : R −→ End(RP⊗RQ), determined by ψ′(r)(p⊗ q) = p⊗ qr, is onto. Thus, [P⊗RQ] ∈
PicS(R). Clearly, [R] is the unity element of PicS(R). Therefore, PicS(R) is a monoid. �
Remark 2.7. It is immediately seen that U(PicS(R)) = Pic(R).

With respect to Example 2.5 note that if the eR-bimodule Q is an inverse for the eR-bimodule P , then 
considering P and Q as R-bimodules it is easily seen that [P ][Q][P ] = [P ] and [Q][P ][Q] = [Q] in PicS(R), 
so that the R-bimodule Q is a partial (or weak) inverse of the R-bimodule P .

Analogously to the case of the Picard groups, if R is a K-algebra, then PicSK(R) stands for the subsemi-
group of those isomorphism classes [P ] ∈ PicS(R), in which the bimodules P are central over K. If R is a 
commutative ring, then PicS(R) = PicSR(R) consists of the isomorphism classes of the finitely generated 
projective central R-bimodules of rank less than or equal to one (see [22, Proposition 3.6]). Moreover, by 
[22, Proposition 3.8], we have that PicS(R) is an inverse semigroup, with [P ]∗ = [P ∗] for all [P ] ∈ PicS(R).

2.3. The bimodule relation M |N and a tensor product commuting isomorphism

The central idempotents of the ring R will be important for us. We shall use the following easy isomor-
phism. Let e be a central idempotent in R and M an R-bimodule. Write eM = {m ∈ M ; em = m}. Since 
e is central in R, then eM is an R-subbimodule of M . Moreover, we have the following isomorphism of 
R-bimodules:

Re⊗R M −→ eM,

r ⊗m �−→ rm,
(4)

whose inverse is given by eM � m �−→ e ⊗m ∈ Re ⊗R M . Analogously, Me = {m ∈ M ; me = m} is an 
R-subbimodule of M and we have the R-bimodule isomorphism M⊗RRe � Me defined by m ⊗re �−→ mre. 
Let M and N be R-bimodules, F : M −→ N an R-bimodule isomorphism and e a central idempotent in R. 
The restriction of F to the R-subbimodule eM is also an R-bimodule isomorphism between eM and eN , 
which, with a slight abuse of notation, will be denoted by the same symbol F .

Let M and N be R-bimodules. We shall write M |N if M is isomorphic, as an R-bimodule, to a direct 
summand of some direct power of N , that is, if there exists an R-bimodule M ′ such that N (n) � M ⊕M ′, 
for some n ∈ N. This is a reflexive and transitive relation which is compatible with the tensor product, in 
the sense that, if M |N and Q is an R-bimodule, then

(M ⊗R Q)|(N ⊗R Q) and (Q⊗R M)|(Q⊗R N). (5)

Remark 2.8. The first two of the following facts are immediate, whereas the verification of the third one is 
straightforward.

(i) If MR|RR, then M is a finitely generated projective right R-module.
(ii) If RR|MR, then MR is a generator of the category of the right R-modules.
(iii) M |N if and only if there exist R-bimodule homomorphisms fi : M → N and gi : N → M , i = 1, 2, ..., n, 

such that 
∑n

gi ◦ fi = IdM .
i=1
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Remark 2.9. If M is an R-bimodule such that M |R, then M is a central Z-bimodule. Indeed, there exist 

R-bilinear maps fi : M −→ R and gi : R −→ M , i = 1, 2, ..., n, with 
n∑

i=1
gifi = IdM . Take m ∈ M and 

r ∈ Z, then

mr =
n∑

i=1
gi(fi(m))r =

n∑
i=1

gi(fi(m)︸ ︷︷ ︸
∈R

r) =
n∑

i=1
gi(rfi(m)) =

n∑
i=1

rgi(fi(m)) = rm.

Hence, M is central over Z.

Proposition 2.10. [45, Corollary 3] Let M and N be R-bimodules. If M |R and N |R, then there is an R-
bimodule isomorphism M ⊗R N � N ⊗R M given by

TM,N : M ⊗R N −→ N ⊗R M

x⊗ y �−→
n∑

i=1
fi(x)y ⊗ gi(1),

where fi : M → R, gi : R → M , for i = 1, 2, ..., n, are R-bilinear maps, such that 
∑n

i=1 gifi = IdM , as 
given by Remark 2.8.

Given an R-bimodule M , we write CM(R) = {m ∈ M, rm = mr for all r ∈ R}. The abelian group 
CM (R) is a central Z-bimodule, and we may endow R ⊗Z CM (R) with a structure of an R-bimodule via 
the R-bimodule structure of R, that is,

r1 · (r ⊗Z m) · r2 = r1rr2 ⊗Z m,

for all r, r1, r2 ∈ R and m ∈ CM (R).

Lemma 2.11. [45, Lemma 2.4] Let M be an R-bimodule such that M |R (as bimodules), then there exists an 
R-bimodule isomorphism M � R⊗Z CM (R).

Corollary 2.12. Let M and N be R-bimodules such that M |R and N is central over Z. Then there exists an 
R-bimodule isomorphism M ⊗R N � N ⊗R M .

Proof. Since M |R, by Lemma 2.11 we have the sequence of R-bimodule isomorphisms:

N ⊗R M � N ⊗R R⊗Z CM (R) � N ⊗Z CM (R) � CM (R) ⊗Z N

� CM (R) ⊗Z N � CM (R) ⊗Z R⊗R N � M ⊗R N. �
2.4. The group P(S/R)

Let R ⊆ S be an extension of rings with the same unity element. Following [27], let M(S/R) be the 
category with objects denoted by P [φ] X , where P is an R-bimodule, X is an S-bimodule and 
φ : P −→ X is an R-bilinear map such that the maps

φ̄r : P ⊗R S −→ X,

p⊗ s −→ φ(p)s
and φ̄l : S ⊗R P −→ X,

s⊗ p −→ sφ(p)
(6)
R R
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are isomorphisms of R-S-bimodules and S-R-bimodules, respectively. A morphism from P [φ] X to 

Q [ψ] Y in M(S/R) is a pair, where α : P −→ Q is R-bilinear, β : X −→ Y is S-bilinear and the 
diagram

P
φ

α

X

β

Q
ψ

Y

is commutative. If α and β are isomorphisms of R-bimodules and S-bimodules, respectively, then (α, β) is 
an isomorphism between P [φ] X and Q [ψ] Y.

We denote by P(S/R) the set of the isomorphism classes of objects [P ] [φ] [X] , where [P ] ∈ Pic(R)

and [X] ∈ Pic(S). By a slight abuse of notation P [φ] X will also denote the isomorphism class of 
an object P [φ] X of M(S/R).

Remark 2.13. By [44, Lemma 3.1], if [P ] ∈ Pic(R) and [X] ∈ Pic(S), then [P ] [φ] [X] ∈ P(S/R), 
provided that φ̄l (or φ̄r) is an isomorphism.

By [45, Theorem 1.3], P(S/R) is a group, in which the product of the isomorphism class of 
P [φ] X ∈ M(S/R) by that of Q [ψ] Y ∈ M(S/R) is given by the isomorphism class of

P ⊗R Q [φ⊗ψ] X ⊗S Y ∈ M(S/R),

where φ ⊗ψ : P ⊗R Q −→ X ⊗S Y is defined by (φ⊗ ψ)(p⊗ q) = φ(p) ⊗ψ(q). Moreover, the inverse of the 

class of P [φ] X is that of [P ∗] [φ∗] [X∗] , where φ∗(f)(sφ(p)) = sf(p), with s ∈ S, p ∈ P .

If R is a K-algebra, we define PK(S/R) = { [P ] [φ] [X] ∈ P(S/R); [P ] ∈ PicK(R)}. It is easy to 

see that PK(S/R) is a subgroup of P(S/R). Indeed, it is enough to check that if P is a central K-bimodule, 
then so is P ∗. Let k ∈ K and f ∈ P ∗, then

(f · k)(p) = f(p)k = kf(p) = f(kp) = f(pk) = (k · f)(p),

for all p ∈ P . Therefore, [P ∗] ∈ PicK(R), as desired.

3. Partial generalized crossed products

3.1. Partial actions, partial representations and partial cohomology

We shall need a concept of a partial group action on a semigroup which we give below and which is more 
general than that considered so far (see, in particular, [20]).

Definition 3.1. Let G be a group and S a semigroup. A partial action α of G on S is a family of subsemigroups 
Sx, (x ∈ G), and semigroup isomorphisms αx : Sx−1 −→ Sx which satisfy the following conditions:

(i) S1 = S and α1 = IdS ,
(ii) α−1

y (Sy ∩ Sx−1) ⊆ S(xy)−1 ,
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(iii) αx ◦ αy(s) = αxy(s), for each s ∈ α−1
y (Sy ∩ Sx−1).

We shall write for simplicity α = (Sx, αx). As it can be seen in [15], conditions (ii) and (iii) of the above 
definition imply that α−1

x = αx−1 and

αx(Sx−1 ∩ Sy) = Sx ∩ Sxy, for all x, y ∈ G. (7)

We say that the partial action α = (Sx, αx) is unital if each Sx is an ideal in S generated by an idempotent 
which is central in S, that is, Sx = S1x, 1x ∈ Z(S), for all x ∈ G. In this case, Sx ∩ Sy = S1x1y and (7)
implies that αx(1y1x−1) = 1x1xy, for all x, y ∈ G. As a consequence,

αxy(s1y−1x−1)1x = αx(αy(s1y−1)1x−1), for all x, y ∈ G and s ∈ S.

The subsemigroup of the invariants of S with respect to the unital partial action α is defined by

Sα = {s ∈ S; αx(s1x−1) = s1x, for all x ∈ G}.

We recall the next:

Definition 3.2. A partial representation of G in a monoid S is a map

θ : G −→ S

x �−→ θx

which satisfies the following properties:

(i) θ1G
= 1S ,

(ii) θxθyθy−1 = θxyθy−1 , for all x, y ∈ G.
(iii) θx−1θxθy = θx−1θxy, for all x, y ∈ G.

It follows from Definition 3.2 that

θxθx−1θx = θx, for all x ∈ G. (8)

By [17] we know that the εx are idempotents such that

εxεy = εyεx and θxεy = εxyθx for all x, y ∈ G. (9)

In particular,

εxθx = θx e θxεx−1 = θx, for all x ∈ G. (10)

Moreover, by (8)

θxθy = θxθx−1θxθy = θxθx−1θxy = εxθxy, for all x, y ∈ G. (11)

Applying (9) to (11), we obtain

θxθy = εxθxy = θxyεy−1 , for all x, y ∈ G. (12)

The need of a more general concept of a partial group action on a semigroup is justified by the following 
fact, which will be useful for us.
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Proposition 3.3. Let S be a monoid and let θ : G −→ S be a partial representation. Write Sx = εxSεx, 
(x ∈ G). Then, α∗ = (Sx, α∗

x), where

α∗
x : Sx−1 −→ Sx

s �−→ θxsθx−1 ,

is a partial action of G on S.

Proof. Clearly, S1 = S and α∗
1 = IdS . Observe that s ∈ Sx if and only if εxsεx = s. Indeed, obviously, 

if s = εxsεx, then s ∈ Sx. On the other hand, if s ∈ Sx, then s = εxs
′εx, for some s′ ∈ S, and εxsεx =

εxεxs
′εxεx = εxs

′εx = s, as desired.
By (10), we have

α∗
x(s) = θxsθx−1 = εxθxsθx−1εx = εxα

∗
x(s)εx,

and thus, α∗
x(s) ∈ Sx. For s, s′ ∈ Sx−1 , we see that

α∗
x(ss′) = θxss

′θx−1 = θxsεx−1s′θx−1 = θxsθx−1θxs
′θx−1 = α∗

x(s)α∗
x(s′).

Hence, α∗
x is a semigroup homomorphism. Given s ∈ Sx−1 , we obtain

(α∗
x−1 ◦ α∗

x)(s) = α∗
x−1(θxsθx−1) = θx−1θxsθx−1θx = εx−1sεx−1 = s.

Analogously, (α∗
x ◦ α∗

x−1)(s) = s, for all s ∈ Sx. Therefore, α∗
x is an isomorphism, whose inverse is α∗

x−1 .
If s ∈ Sy ∩ Sx−1 , then

α∗
y−1(s) = θy−1sθy

s∈Sx−1= θy−1εx−1sεx−1θy
(9)= ε(xy)−1θy−1sθyε(xy)−1 ∈ S(xy)−1 .

Hence, α∗
y−1(Sy ∩ Sx−1) ⊆ S(xy)−1 . If s ∈ α∗

y−1(Sy ∩ Sx−1) ⊆ S(xy)−1 ∩ Sy−1 , then using (11) and (12) we 
compute

(α∗
x ◦ α∗

y)(s) = α∗
x(θysθy−1) = θxθysθy−1θx−1 = θxyεy−1sεy−1θy−1x−1

= θxysθy−1x−1 = α∗
xy(s).

Consequently, α∗ is a partial action. �
Let K be a commutative ring (or a commutative monoid) and α = (Dx, αx) a unital partial action of G

on K, where Dx is generated by the central idempotent 1x. An n-cochain, with n ∈ N, of G with values 
in K is a function f : Gn −→ K such that f(x1, ..., xn) ∈ U(K1x1x1x2 ...1x1x2...xn

). For n = 0, we define a 
0-cochain as an element in U(K).

Let Cn(G, α, K) be the set of all n-cochains of G with values in K. Then, Cn(G, α, K) is an abelian 
group with the multiplication defined point-wise, that is,

fg(x1, ..., xn) = f(x1, ..., xn)g(x1, ..., xn), with x1, ..., xn ∈ G.

Clearly, I(x1, ..., xn) = 1x11x1x2 ...1x1x2...xn
is the unit for this multiplication and

f−1(x1, ..., xn) = f(x1, ..., xn)−1 ∈ U(K1x1x1x2 ...1x1x2...xn
), for x1, ..., xn ∈ G.
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Proposition 3.4. [20, Proposition 1.5] The map δn : Cn(G, α, K) −→ Cn+1(G, α, K) defined by

(δnf)(x1, ..., xn+1) = αx1(f(x2, ..., xn+1)1x−1
1

)
n∏

i=1
f(x1, ..., xixi+1, ..., xn+1)(−1)i

f(x1, ..., xn)(−1)n+1
, (13)

where the inverse elements are taken in the corresponding ideals, is a group morphism such that

(δn+1 ◦ δn)(f)(x1, ..., xn+2) = 1x11x1x2 ...1x1x2...xn+2 ,

for all f ∈ Cn(G, α, K) and x1, ..., xn+1 ∈ G.

Remark 3.5. If n = 0, then δ0 : U(K) �−→ C1(G, α, K) is defined by

(δ0k)(x) = αx(k1x−1)k−1, for each k ∈ U(K).

We define the groups

Zn(G,α,K) = ker(δn) and Bn(G,α,K) = Im(δn−1)

that are the group of the partial n-cocycles and that of the partial n-coboundaries, respectively. By Propo-
sition 3.4, we have Bn(G, α, K) ⊆ Zn(G, α, K). Thus, we define the group of the partial n-cohomologies 
by

Hn(G,α,K) = Zn(G,α,K)
Bn(G,α,K) .

For n = 0 we set H0(G, α, K) = Z0(G, α, K) = ker(δ0).
Let f, f ′ ∈ Zn(G, α, K). We say that f and f ′ are cohomologous if there is g ∈ Cn−1(G, α, K) such that 

f = f ′(δng). In this case, [f ] = [f ′] in Hn(G, α, K).
An n-cocycle f is called normalized if

f(1, x1, ..., xn−1) = f(x1, 1, ..., xn−1) = · · · = f(x1, ..., xn−1, 1) = 1x11x1x2 ...1x1...xn−1 ,

for all x1, x2, . . . , xn−1 ∈ G.

Remark 3.6. Any partial 1-cocycle σ is normalized. Indeed, we have αx(σy1x−1)σ−1
xy σx = 1x1xy, for all 

x, y ∈ G. In particular, taking x = y = 1, we obtain σ2
1 = σ1, which implies that σ1 = 1. Therefore, σ is 

normalized. By [20, Remark 2.6] if σ ∈ Z2(G, α, K), then there is a normalized σ̃ ∈ Z2(G, α, K) such that 
σ = σ̃(δ1β), for some β ∈ C1(G, α, K). Therefore, σ is cohomologous to a normalized partial 2-cocycle.

Observe also that by [20, Remark 2.6], if σ ∈ Z2(G, α, Z), then there exists a normalized σ̃ ∈ Z2(G, α, Z)
such that σ = σ̃(δ1β), for some β ∈ C1(G, α, Z). Hence, σ is cohomologous to a normalized partial 2-cocycle.

3.2. Unital partial representations G → PicS(R)

Consider a partial representation

Θ : G −→ PicS(R)
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of a group G into the monoid PicS(R). For each x ∈ G fix a representative Θx of the isomorphism class 
Θ(x) ∈ PicS(R), i.e. Θ(x) = [Θx]. We say that Θ is unital if [εx] = [Θx][Θx−1 ] = [R1x], where 1x is a 
central idempotent of R, for all x ∈ G. Thus, there is an R-bimodule isomorphism Θx ⊗R Θx−1 � R1x, for 
all x ∈ G. In the following auxiliary fact we gather some isomorphisms involving Θx for further use.

Lemma 3.7. Let Θ : G −→ PicS(R) be a unital partial representation with Θx ⊗R Θx−1 � R1x, (x ∈ G). 
Then, for all x, y ∈ G, we have the following R-bimodule isomorphisms:

(i) Θx ⊗R R1y � R1xy ⊗R Θx. In particular,

R1x ⊗R Θx � Θx and Θx ⊗R R1x−1 � Θx, for all x ∈ G. (14)

(ii) Θx ⊗R Θy � R1x ⊗R Θxy and Θx ⊗R Θy � Θxy ⊗R R1y−1 ,
(iii) Θx ⊗R Θy ⊗R Θ(xy)−1 � R1x1xy,
(iv) Θx ⊗R Θy � Θx ⊗R Θy ⊗R R1y−1x−1 .

Proof. Item (i) is a direct consequence of (9), whereas (ii) follows from (11) and (12). For (iii) we have

Θx ⊗R Θy ⊗R Θ(xy)−1
(ii)
� R1x ⊗R Θxy ⊗R Θ(xy)−1 � R1x ⊗R R1xy � R1x1xy.

As to (iv):

Θx ⊗R Θy ⊗R R1y−1x−1 � Θx ⊗R Θy ⊗R Θ(xy)−1 ⊗R Θxy � Θx ⊗R Θy ⊗R Θy−1 ⊗R Θx−1 ⊗R Θxy

� Θx ⊗R Θy ⊗R Θy−1 ⊗R Θx−1 ⊗R Θx ⊗R Θy � Θx ⊗R R1y ⊗R R1x−1 ⊗R Θy

� Θx ⊗R R1x−1 ⊗R R1y ⊗R Θy � Θx ⊗R Θy. �
Using the isomorphism in (4), and (i) and (ii) of Lemma 3.7, we have:

1xyΘx � Θx1y and Θx ⊗R Θy � 1xΘxy, for all x, y ∈ G, (15)

as R-bimodules. In particular,

1xΘx � Θx and Θx1x−1 � Θx, (16)

Lemma 3.8. Let Θ : G −→ PicS(R) be a unital partial representation with εx = Θx ⊗R Θx−1 � R1x, where 
Θ(x) = [Θx] for all x ∈ G. Then,

ux1y = 1xyux1y = 1xyux, for all x, y ∈ G and ux ∈ Θx. (17)

In particular, 1xyΘx = Θx1y, for all x, y ∈ G.

Proof. By (15) there exists an R-bimodule isomorphism κx,y : Θx1y −→ 1xyΘx. Given ux ∈ Θx, there is 
vx ∈ Θx such that κx,y(ux1y) = 1xyvx. Then

κx,y(1xyux1y) = 1xyvx = κx,y(ux1y).

Since κx,y is an isomorphism, then 1xyux1y = ux1y. On the other hand, there exists v′x ∈ Θx such that 
κ−1
x,y(1xyux) = v′x1y and
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κ−1
x,y(1xyux1y) = v′x1y = κ−1

x,y(1xyux).

Thus, 1xyux1y = 1xyux. Therefore,

ux1y = 1xyux1y = 1xyux, for all ux ∈ Θx. �
It follows from Lemma 3.8 that

1xux = ux and ux1x−1 = ux, for all x ∈ G, ux ∈ Θx. (18)

The maps R1x ⊗R Θx � Θx and Θx ⊗R R1x−1 � Θx defined via the right R-action and the left R-action on 
Θx, respectively, are isomorphisms. Thus, Θx is a unital (R1x, R1x−1)-bimodule and there exist R-bimodule 
isomorphisms

τx : Θx ⊗R Θx−1 −→ R1x and τx−1 : Θx−1 ⊗R Θx −→ R1x−1 . (19)

Note that Θx ⊗R Θx−1 = Θx ⊗R1x−1 Θx−1 as (R1x, R1x−1)-bimodules. In fact, by (18)

uxr ⊗R1x−1 ux−1 = ux1x−1r ⊗R1x−1 ux−1 = ux ⊗R1x−1 r1x−1ux−1 = ux ⊗R1x−1 rux−1 ,

for all ux ∈ Θx, ux−1 ∈ Θx−1 and r ∈ R. Thus, we can choose the isomorphisms τx and τx−1 such that 
(R1x, R1x−1 , Θx, Θx−1 , τx, τx−1) is a Morita context, that is, τx and τx−1 satisfy:

τx(ux ⊗ ux−1)ux = uxτx−1(ux−1 ⊗ u′
x) and τx−1(ux−1 ⊗ ux)u′

x−1 = ux−1τx(ux ⊗ u′
x−1), (20)

for all ux, u′
x ∈ Θx. For simplicity, we write τx(ux ⊗ ux−1) = uxux−1 , where ux ∈ Θx and ux−1 ∈ Θx−1 . 

Thus, by (20) we have the associativity:

uxux−1u′
x = (uxux−1)u′

x = ux(ux−1u′
x) (21)

for ux, u′
x ∈ Θx and ux−1 ∈ Θx−1 .

Lemma 3.9. For all ux ∈ Θx, with x ∈ G, and r ∈ Z, the following equality holds:

(ux(uyuy−1)ux−1)uxyru(xy)−1 = (ux(uyruy−1)ux−1)uxyu(xy)−1 . (22)

Proof. Firstly, by (15) we have

Θx ⊗ Θy ⊗ Θ(xy)−1 � R1x ⊗ Θxy ⊗ Θ(xy)−1 � R1x ⊗R1xy � R1x1xy.

Let ϕ be the composition of the above R-bimodule isomorphisms. For each r ∈ Z we have rϕ(ux ⊗ uy ⊗
u(xy)−1) = ϕ(ux ⊗ uy ⊗ u(xy)−1)r. Since ϕ is R-bilinear, it follows that

ϕ(rux ⊗ uy ⊗ u(xy)−1) = ϕ(ux ⊗ uy ⊗ u(xy)−1r).

Moreover, since ϕ is an isomorphism, we have

rux ⊗ uy ⊗ u(xy)−1 = ux ⊗ uy ⊗ u(xy)−1r (23)

for all r ∈ Z. Now, note that
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(ux(uyuy−1)ux−1)uxyru(xy)−1 = τxy(τx(uxτy(uy ⊗ uy−1) ⊗ ux−1)uxy ⊗ u(xy)−1).

Rewriting the right-hand side of the above equality and using (23), we have

(ux(uyuy−1)ux−1)uxyru(xy)−1 = τxy(τx(uxτy(uy ⊗ uy−1) ⊗ ux−1)uxyr ⊗ u(xy)−1)

= [τxy ◦ (τx ⊗ Θxy ⊗ Θ(xy)−1) ◦ (Θx ⊗ τy ⊗ Θx−1 ⊗ Θxy ⊗ Θ(xy)−1)]

(ux ⊗ uy ⊗ uy−1 ⊗ ux−1 ⊗ uxyr ⊗ u(xy)−1)

= [τxy ◦ (τx ⊗ Θxy ⊗ Θ(xy)−1) ◦ (Θx ⊗ τy ⊗ Θx−1 ⊗ Θxy ⊗ Θ(xy)−1)]

(ux ⊗ uyr ⊗ uy−1 ⊗ ux−1 ⊗ uxy ⊗ u(xy)−1)

= τxy(τx(uxτy(uyr ⊗ uy−1) ⊗ ux−1)uxy ⊗ u(xy)−1)

= (ux(uyruy−1)ux−1)uxyu(xy)−1 . �
For the rest of this section, we will fix a unital partial representation Θ : G −→ PicS(R) with Θ(x) = [Θx]

and εx = Θx ⊗R Θx−1 � R1x, for all x ∈ G. Denote by 
∑
(x)

ωx ⊗ ωx−1 ∈ Θx ⊗R Θx−1 the inverse image of 

1x under the isomorphism τx, that is, 
∑
(x)

ωxωx−1 = 1x.

Lemma 3.10. There is a group homomorphism

AutR−R(1yΘx)
(̃−)−→ U(Z1x1y)

σ �−→ σ̃,

where

σ̃ =
∑
(x)

σ(1yωx)ωx−1 . (24)

Moreover,

σ(1yux) = σ̃ux, for all ux ∈ Θx. (25)

Proof. Firstly, since σ is R-bilinear, we have

σ(1yux)ux−1vxvx−1 = σ(1yuxux−1vx)vx−1 , (26)

for all ux, vx ∈ Θx. Let us check first that σ̃ does not depend on the choice of the decomposition of 1x. Let ∑
(x̃)

ω̃xω̃x−1 = 1x, with ω̃x ∈ Θx and ω̃x−1 ∈ Θx−1 , be another decomposition of 1x. Then by (26)

σ̃ =
∑
(x)

σ(1yωx)ωx−1 =
∑
(x)

σ(1yωx)ωx−11x =
∑

(x),(x̃)

σ(1yωx)ωx−1ωxω̃x−1

=
∑

(x),(x̃)

σ(1yωxωx−1 ω̃x)ω̃x−1 =
∑
(x̃)

σ(1y1xω̃x)ω̃x−1 =
∑
(x̃)

σ(1yω̃x)ω̃x−1 .

Clearly σ̃ ∈ R1x1y. Now, for r ∈ R:, using the previous argument, we have



16 M. Dokuchaev, I. Rocha / Journal of Pure and Applied Algebra 228 (2024) 107558
σ̃r =
∑
(x)

σ(1yωx)ωx−1r =
∑
(x)

σ(1yωx)ωx−1r1x =
∑
(x̃)

σ(1y1xrω̃x)ω̃x−1 =
∑
(x̃)

rσ(1yω̃x)ω̃x−1 = rσ̃.

Thus, σ̃ ∈ Z1x1y. It remains to verify that σ̃ is an invertible element of Z1x1y. Given σ−1 ∈ AutR−R(1yΘx), 
take σ̃−1 ∈ Z1x1y. Then

σ̃σ̃−1 =
∑

(x),(x̃)

σ(1yωx)ωx−1σ−1(1yω̃x)ω̃x−1 =
∑

(x),(x̃)

σ(1yωxωx−1σ−1(1yω̃x))ω̃x−1

=
∑
(x̃)

σ(1y1xσ−1(1yω̃x))ω̃x−1 =
∑
(x̃)

σ(σ−1(1yω̃x))ω̃x−1 =
∑
(x̃)

1yω̃xω̃x−1 = 1y1x.

Analogously, σ̃−1σ̃ = 1x1y. Therefore, σ̃ ∈ U(Z1x1y).
Moreover, if ux ∈ Θx, then:

σ̃ux =
∑
(x)

σ(1yωx)ωx−1ux =
∑
(x)

σ(1yωxωx−1ux) = σ(1y1xux) = σ(1yux),

and (25) follows.
Given σ, γ ∈ AutR−R(1yΘx), we have

σ̃γ̃ =
∑

(x),(x̃)

σ(1yωx)ωx−1γ(1yω̃x)ω̃x−1 =
∑

(x),(x̃)

σ(1yωxωx−1γ(1yω̃x))ω̃x−1

=
∑
(x̃)

σ(1y1xγ(1yω̃x))ω̃x−1 =
∑
(x̃)

σ(γ(1yω̃x))ω̃x−1 = σ̃ ◦ γ.

Therefore, (̃−) is a group morphism.
Now, given r ∈ U(Z1x1y), consider the map

σr : 1yΘx −→ 1yΘx,

vx �−→ rvx.

Clearly σr is right R-linear. Since r ∈ Z then σr is left R-linear. Indeed, if r′ ∈ R, then

σr(r′vx) = rr′vx = r′rvx = r′σr(vx).

Let r−1 be the inverse element of r in Z1x1y and let σr−1 : 1yΘx → 1yΘx be defined by σr−1(ux) = r−1ux. 
Given vx ∈ 1yΘx, we have that

σr−1(σr(vx)) = σr−1(rvx) = r−1(rvx) = (r−1r)vx = 1x1yvx = vx.

Analogously, σr(σr−1(vx)) = vx, for all vx ∈ 1yΘx. Thus, σr is a bijection with σ−1
r = σr−1 . It follows that 

σr ∈ AutR−R(1yΘx). Notice now that

σ̃r =
∑
(x)

σr(1yωx)ωx−1 =
∑
(x)

r1yωxωx−1 = r1y1x = r.

Therefore, (̃−) is onto. Let γ, σ ∈ AutR−R(1yΘx) such that γ̃ = σ̃. For any vx ∈ 1yΘx, by (25) it follows 
that

γ(vx) = γ̃vx = σ̃vx = σ(vx).
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Thus, γ = σ and, consequently (̃−) is injective and, therefore, it is a group isomorphism. �
Proposition 3.11. Let Dx = Z1x be the ideal of Z generated by the central idempotent 1x and let αx :
Dx−1 �→ Dx be defined by

αx(r) =
∑
(x)

ωxrωx−1 .

Then, α = (Dx, αx)x∈G is a partial action of G on Z.

Proof. First, let us check that αx does not depend on the choice of the decomposition of 1x. Let 
∑
(x̃)

ω̃xω̃x−1 =

1x, with ω̃x ∈ Θx and ω̃x−1 ∈ Θx−1 , be another decomposition of 1x. Given r ∈ Z, using (18) and (21), we 
have

αx(r1x−1) =
∑
(x)

ωxrωx−1
(18)=

∑
(x)

ωxrωx−11x =
∑

(x),(x̃)

ωxrωx−1 ω̃xω̃x−1

r∈Z=
∑

(x),(x̃)

ωxωx−1 ω̃xrω̃x−1 =
∑
(x̃)

1xω̃xrω̃x−1
(18)=

∑
(x̃)

ω̃xrω̃x−1 .

Now, for r ∈ Z and for any r′ ∈ R, we see that

αx(r1x−1)r′ =
∑
(x)

ωxrωx−1r′ =
∑
(x)

ωxrωx−11xr′ =
∑

(x),(x̃)

ωxrωx−1r′ω̃xω̃x−1

r∈Z=
∑

(x),(x̃)

ωxωx−1r′ω̃xrω̃x−1 =
∑
(x̃)

1xr′ω̃xrω̃x−1 =
∑
(x̃)

r′ω̃xrω̃x−1 = r′αx(r1x−1).

Thus, αx(r1x−1) ∈ Dx = Z1x and αx is well-defined. Let 
∑

(x) ωx−1 ⊗ ωx ∈ Θx−1 ⊗R Θx be the inverse 

image of 1x−1 under the isomorphism τx−1 , that is, 
∑
(x)

ωx−1ωx = 1x−1 . Given r ∈ Dx, we have

(αx ◦ αx−1)(r) = αx

⎛⎝∑
(x)

ωx−1rωx

⎞⎠ =
∑

(x),(x)

ωxωx−1rωxωx−1
r∈Z=

∑
(x),(x)

rωxωx−1ωxωx−1

=
∑
(x)

rωx1x−1ωx−1 =
∑
(x)

rωxωx−1 = r1x = r.

Analogously, given r ∈ Dx−1 , we obtain (αx−1 ◦ αx)(r) = r. Therefore, α−1
x = αx−1 .

For r, s ∈ Dx we see that

αx(r)αx(s) =
∑

(x),(x̃)

ωxrωx−1 ω̃xsω̃x−1
s∈Z=

∑
(x),(x̃)

ωxrsωx−1 ω̃xω̃x−1

=
∑
(x)

ωxrsωx−11x =
∑
(x)

ωxrsωx−1 = αx(rs).

Thus, αx is a ring isomorphism.
Write 1y−1 =

∑
(y)

ωy−1ωy. Given r ∈ Dy ∩Dx−1 , using (17), we obtain

αy−1(r) =
∑

ωy−1rωy =
∑

ωy−1r1x−1ωy =
∑

ωy−1rωy1(xy)−1 ∈ D(xy)−1 .

(y) (y) (y)
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Hence, αy−1(Dy ∩Dx−1) ⊆ D(xy)−1 . Using again (17),

1x1xy =
∑
(x)

ωxωx−11xy =
∑
(x)

ωx1yωx−1 =
∑

(x),(y)

ωx(ωyωy−1)ωx−1 . (27)

Write 
∑
(xy)

ωxyω(xy)−1 = 1xy and take r ∈ Dy−1 ∩D(xy)−1 . By (22) and (27) we compute

αxy(r) =
∑
(xy)

ωxyrω(xy)−1
r∈Dy−1

=
∑
(xy)

1xyωxy1y−1rω(xy)−1
(17)=

∑
(xy)

1xy1xωxyrω(xy)−1

(27)=
∑

(x),(y),
(xy)

(ωx(ωyωy−1)ωx−1)ωxyrω(xy)−1 =
∑

(x),(y),
(xy)

(ωx(ωyrωy−1)ωx−1)ωxyω(xy)−1

=
∑

(x),(y)

(ωx(ωyrωy−1)ωx−1)1xy
(17)=

∑
(x),(y)

(ωx(ωyrωy−1)1yωx−1)

=
∑

(x),(y)

(ωx(ωyrωy−1)ωx−1) = αx ◦ αy(r).

Therefore, α = (Dx, αx)x∈G is a partial action of G on Z. �
Lemma 3.12. Let α = (Dx, αx) be the partial action of G on Z constructed in Proposition 3.11 and M an 
R-bimodule. Then:

(i) For all ux ∈ Θx and r ∈ Z we have

αx(r1x−1)ux = uxr. (28)

(ii) If M |Θx, then for all m ∈ M and r ∈ Z, we have

αx(r1x−1)m = mr (29)

Proof. (i) Given r ∈ Z and ux ∈ Θx, by (18) and (21) we have

αx(r1x−1)ux =
∑
(x)

(ωxrωx−1)ux =
∑
(x)

ωxωx−1uxr = 1xuxr = uxr.

(ii) Let fi : M → Θx and gi : Θx → M , i = 1, 2, ..., n, be R-bimodule morphisms such that 
∑n

i=1 gifi =
IdM . Given m ∈ M and r ∈ Z, using (28) we obtain

mr =
n∑

i=1
gi(fi(m))r =

n∑
i=1

gi(fi(m)︸ ︷︷ ︸
∈Θx

r) =
n∑

i=1
gi(αx(r1x−1)fi(m))

=
n∑

i=1
αx(r1x−1)gi(fi(m)) = αx(r1x−1)m. �

We denote by Hn
Θ(G, α, Z) the group of partial n-cohomologies, where α is the partial action induced by 

the untial partial representation Θ.
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We shall define now a partial action of G on PicS(R). Let Xx = [R1x]PicS(R)[R1x] and

α∗
x : Xx−1 −→ Xx,

[P ] �−→ [Θx ⊗R P ⊗R Θx−1 ].

It follows by Proposition 3.3 that α∗ = (Xx, α∗
x) is a partial action of G on PicS(R). Observe that if 

[P ] ∈ PicSZ(R), then by Corollary 2.12, we obtain that P⊗RR1x � R1x⊗RP , as R-bimodules, for all x ∈ G. 
Hence, [R1x] is a central idempotent in PicSZ(R). Moreover, if [P ] ∈ PicSZ(R), then [Θx⊗RP ⊗R Θx−1 ] ∈
PicSZ(R). Indeed, it is enough to verify that Θx ⊗R P ⊗R Θx−1 is also a central Z-bimodule. Let p ∈ P , 
ux ∈ Θx, ux−1 ∈ Θx−1 and r ∈ Z. Since P is central over Z, using (28) we obtain:

ux ⊗ p⊗ ux−1r = ux ⊗ p⊗ αx−1(r1x)ux−1 = uxαx−1(r1x) ⊗ p⊗ ux−1

= r1xux ⊗ p⊗ ux−1 = rux ⊗ p⊗ ux−1 .

Thus, restricting the above partial action to PicSZ(R), we have that Xx = PicSZ(R)[R1x], i.e. Xx is the 
ideal in PicSZ(R) generated by the central idempotent [R1x]. Furthermore,

α∗
x : PicSZ(R)[R1x−1 ] −→ PicSZ(R)[R1x],

[P ][R1x−1 ] �−→ [Θx ⊗R P ⊗R Θx−1 ]

is well-defined and, consequently, α∗ = (Xx, α∗
x) is a partial action of G on PicSZ(R).

The subsemigroup of invariants of PicSZ(R) is given by

PicSZ(R)α
∗

= {[P ] ∈ PicSZ(R); Θx ⊗R P � P ⊗R Θx, for all x ∈ G}. (30)

Indeed, [P ] ∈ PicSZ(R)α∗ , if and only if α∗
x([P ][R1x−1 ]) = [P ][R1x], for all x ∈ G. It follows that

[P ] ∈ PicSZ(R)α
∗ ⇔ Θx ⊗R P ⊗R Θx−1 � P ⊗R R1x, ∀x ∈ G;

⇔ Θx ⊗R P ⊗R Θx−1 ⊗R Θx � P ⊗R R1x ⊗R Θx, ∀x ∈ G;

⇔ Θx ⊗R P ⊗R R1x−1 � P ⊗R Θx, ∀x ∈ G;

⇔ Θx ⊗R R1x−1 ⊗R P � P ⊗R Θx, ∀x ∈ G;

⇔ Θx ⊗R P � P ⊗R Θx, x ∈ G.

3.3. Partial generalized crossed products

Let

Θ : G −→ PicS(R),
x �−→ [Θx],

be a unital partial representation with Θx ⊗ Θx−1 � R1x, for all x ∈ G. By (15) there is a family of 
R-bimodule isomorphisms

fΘ = {fΘ
x,y : Θx ⊗R Θy −→ 1xΘxy, x, y ∈ G}. (31)
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Following [23], we say that fΘ is a factor set for Θ if fΘ satisfies the following commutative diagram:

Θx ⊗R Θy ⊗R Θz

Θx⊗fΘ
y,z

fΘ
x,y⊗Θz

Θx ⊗R 1yΘyz 1xyΘx ⊗R Θyz

fΘ
x,yz

1xΘxy ⊗R Θz
fΘ
xy,z

1x1xyΘxyz

(32)

Let fΘ = {fΘ
x,y : Θx ⊗R Θy −→ 1xΘxy, x, y ∈ G} be a factor set for Θ. The set Δ(Θ) =

⊕
x∈G Θx with 

multiplication defined by

ux
Θ◦ uy = fΘ

x,y(ux ⊗ uy) ∈ 1xΘxy, ux ∈ Θx, uy ∈ Θy, (33)

is called a partial generalized crossed product.

Proposition 3.13. Let Θ : G −→ PicS(R) be a unital partial representation with εx = Θx ⊗R Θx−1 � R1x, 
for all x ∈ G, and let fΘ = {fΘ

x,y : Θx ⊗R Θy −→ 1xΘxy, x, y ∈ G} be a factor set for Θ. Then, the partial 
generalized crossed product Δ(Θ) is an associative ring with unity and R � Θ1 is a subring of Δ(Θ).

Proof. The commutativity of (32) implies the associativity of the multiplication in Δ(Θ). It is easy to see 
that Θ1 is a subring of Δ(Θ) since fΘ

1,1 : Θ1 ⊗Θ1 → Θ1 is an R-bimodule isomorphism. Let j : R −→ Θ1 be 
a R-bimodule isomorphism; it exists because Θ is a partial representation and [Θ1] = [R]. Write v = j(1). 
Then Θ1 = j(R) = Rv = vR and

rv = rj(1) = j(r) = j(1)r = vr, for all r ∈ R.

Let c ∈ R be such that fΘ
1,1(v ⊗ v) = cv. It is easy to see that c ∈ U(Z). Denote u = c−1v ∈ Θ1. Then 

ru = rc−1v = c−1vr = ur, for all r ∈ R and

fΘ
1,1(u⊗ u) = fΘ

1,1(c−1v ⊗ c−1v) = c−1fΘ
1,1(v ⊗ v)c−1 = c−1cvc−1 = vc−1 = u. (34)

Let ι : R −→ Θ1 be the R-bimodule isomorphism defined by ι(r) = ru. Given r, r′ ∈ R we have

ι(r) Θ◦ ι(r′) = fΘ
1,1(ru⊗ r′u) = rr′fΘ

1,1(u⊗ u) (34)= rr′u = ι(rr′),

so, ι is a ring isomorphism.
Finally, we check that ι(1) = u ∈ Θ1 is the unity of Δ(Θ). Let ux ∈ Θx, x ∈ G. Since fΘ

1,x : Θ1⊗R Θx −→
Θx is an R-bimodule isomorphism, there is 

∑n
i=1 uri ⊗ ui

x = u ⊗ ũx ∈ Θ1 ⊗R Θx, where ũx =
∑n

i=1 riu
i
x, 

such that fΘ
1,x(u ⊗ ũx) = ux. Then,

(u Θ◦ ux) = fΘ
1,x(u⊗ ux) = fΘ

1,x(u⊗ fΘ
1,x(u⊗ ũx)) = fΘ

1,x(fΘ
1,1(u⊗ u) ⊗ ũx) (34)= fΘ

1,x(u⊗ ũx) = ux.

Analogously, since fΘ
x,1 : Θx ⊗R Θ1 −→ Θx is an isomorphism, we have (ux

Θ◦ u) = ux, for all ux ∈ Θx. 
Therefore, u is the unity of Δ(Θ). �

We identify R with Θ1 and 1 with ι(1) = u ∈ Θ1, via the ring isomorphism ι. Then, R ⊆ Δ(Θ) is an 
extension of rings with the same unity.
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Remark 3.14. Let Δ(Θ) be a partial generalized crossed product, ι : R −→ Θ1 an isomorphism of rings and 
R-bimodules and ι(1) = u ∈ Θ1 be the unity of Δ(Θ). Then, the following diagrams are commutative:

R⊗R Θx

ι⊗Θx

� Θx

Θ1 ⊗R Θx

fΘ
1,x

and Θx ⊗R R

Θx⊗ι

� Θx

Θx ⊗R Θ1

fΘ
x,1

(35)

Indeed, given r ∈ R and ux ∈ Θx, we have

(fΘ
1,x ◦ (ι⊗ Θx))(r ⊗ ux) = fΘ

1,x(ι(r) ⊗ ux) = rfΘ
1,x(ι(1) ⊗ ux) = rux.

The second diagram is analogous. By (35), we can write

ux
Θ◦ r = uxr and r

Θ◦ ux = rux, ∀ ux ∈ Θx and r ∈ R. (36)

Proposition 3.15. Let fΘ = {fΘ
x,y : Θx⊗R Θy −→ 1xΘxy, x, y ∈ G} be a family of R-bimodule isomorphisms 

which satisfies the commutative diagrams (35). Given x, y, z ∈ G, define an R-bimodule isomorphism βx,y,z :
1x1xyΘxyz −→ 1x1xyΘxyz via the commutative diagram

Θx ⊗R Θy ⊗R Θz

fΘ
x,y⊗Θz

Θx⊗fΘ
y,z

1xΘxy ⊗R Θz

fΘ
xy,z

1xyΘx ⊗R Θyz

fΘ
x,yz

1x1xyΘxyz

1x1xyΘxyz

βx,y,z

that is,

βx,y,z ◦ fΘ
x,yz ◦ (Θx ⊗ fΘ

y,z) = fΘ
xy,z ◦ (fΘ

x,y ⊗ Θz), ∀ x, y, z ∈ G. (37)

Then,

β̃−,−,− : G×G×G −→ U(Z)
(x, y, z) �−→ β̃x,y,z

,

is a normalized element of Z3
Θ(G, α, Z), where β̃x,y,z is defined as in Lemma 3.10. Furthermore, if β̃−,−,− ∈

B3
Θ(G, α, Z), that is, if there exists σ−,− : G ×G −→ U(Z), with σx,y ∈ U(Z1x1xy) and

β̃x,y,z = αx(σy,z1x−1)σ−1
xy,zσx,yzσ

−1
x,y, for all x, y, z ∈ G, (38)

then the family of R-bimodule isomorphisms

f̄Θ
x,y : Θx ⊗R Θy −→ 1xΘx,y,

ux ⊗ uy �−→ σx,yf
Θ
x,y(ux ⊗ uy)

is a factor set for Θ.
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Proof. Since βx,y,z ∈ AutR−R(1x1xyΘxyz), Lemma 3.10 implies that β̃x,y,z ∈ U(Z1x1xy1xyz), for all x, y, z ∈
G. Write fΘ

x,y(ux ⊗ uy) = (ux
Θ◦ uy). By (37) we have that βx,y,z(ux

Θ◦ (uy
Θ◦ uz)) = ((ux

Θ◦ uy) 
Θ◦ uz), for all 

ux ∈ Θx, uy ∈ Θy and uz ∈ Θz. Since (ux
Θ◦ (uy

Θ◦ uz)) ∈ 1x1xyΘxyz, then by (25),

β̃x,y,z(ux
Θ◦ (uy

Θ◦ uz)) = ((ux
Θ◦ uy)

Θ◦ uz). (39)

Let x, y, z, t ∈ G e ux ∈ Θx, uy ∈ Θy, uz ∈ Θz and ut ∈ Θt. Then,

(((ux
Θ◦ uy)

Θ◦ uz)
Θ◦ ut)

(39)= β̃x,y,zβ̃x,yz,t(ux
Θ◦ β̃y,z,t(uy

Θ◦ (uz
Θ◦ ut)))

(28)= β̃x,y,zβ̃x,yz,tαx(β̃y,z,t1x−1)(ux
Θ◦ (uy

Θ◦ (uz
Θ◦ ut)))

(39)= β̃x,y,zβ̃x,yz,tαx(β̃y,z,t1x−1)β̃x,y,zt

−1
β̃xy,z,t

−1
(((ux

Θ◦ uy)
Θ◦ uz)

Θ◦ ut).

Thus,

(((ux
Θ◦ uy)

Θ◦ uz)
Θ◦ ut) = β̃x,y,zβ̃x,yz,tαx(β̃y,z,t1x−1)β̃x,y,zt

−1
β̃xy,z,t

−1
(((ux

Θ◦ uy)
Θ◦ uz)

Θ◦ ut),

for all ux ∈ Θx, uy ∈ Θy, uz ∈ Θz and ut ∈ Θz. Write

1x =
∑
(x)

(ωx
Θ◦ ωx−1), 1y =

∑
(y)

(ωy
Θ◦ ωy−1), 1z =

∑
(z)

(ωz
Θ◦ ωz−1) and 1t =

∑
(t)

(ωt
Θ◦ ωt−1),

where ωl ∈ Θl, for all l ∈ G. Then,

(((ωx
Θ◦ ωy)

Θ◦ ωz)
Θ◦ ωt) = β̃x,y,zβ̃x,yz,tαx(β̃y,z,t1x−1)β̃x,y,zt

−1
β̃xy,z,t

−1
(((ωx

Θ◦ ωy)
Θ◦ ωz)

Θ◦ ωt).

Applying fΘ
xyzt,t−1 and using (39) we obtain:

˜βxyz,t,t−1(((ωx
Θ◦ ωy)

Θ◦ ωz)
Θ◦ (ωt

Θ◦ ωt−1))

= β̃x,y,zβ̃x,yz,tαx(β̃y,z,t1x−1)β̃x,y,zt

−1
β̃xy,z,t

−1
˜βxyz,t,t−1(((ωx

Θ◦ ωy)
Θ◦ ωz)

Θ◦ (ωt
Θ◦ ωt−1)).

Multiplying by ˜βxyz,t,t−1

−1
, summing over (t), using the commutativity of (35) and (17), we compute:

1xyz1xyzt(((ωx
Θ◦ ωy)

Θ◦ ωz))1t = β̃x,y,zβ̃x,yz,tαx(β̃y,z,t1x−1)β̃x,y,zt

−1
β̃xy,z,t

−1
(((ωx

Θ◦ ωy)
Θ◦ ωz))1t

1xyz1xyzt1xyzt(((ωx
Θ◦ ωy)

Θ◦ ωz)) = β̃x,y,zβ̃x,yz,tαx(β̃y,z,t1x−1)β̃x,y,zt

−1
β̃xy,z,t

−1
1xyzt(((ωx

Θ◦ ωy)
Θ◦ ωz))

1xyz1xyzt(((ωx
Θ◦ ωy)

Θ◦ ωz)) = β̃x,y,zβ̃x,yz,tαx(β̃y,z,t1x−1)β̃x,y,zt

−1
β̃xy,z,t

−1
(((ωx

Θ◦ ωy)
Θ◦ ωz)).

Repeating the same argument for z, y, x, we get:

β̃x,y,zβ̃x,yz,tαx(β̃y,z,t1x−1)β̃x,y,zt

−1
β̃xy,z,t

−1
= 1x1xy1xyz1xyzt,

for all x, y, z, t ∈ G. Hence, β̃−,−,− ∈ Z3
Θ(G, α, Z).

Let us check that β̃−,−,− is normalized. Taking x = 1, we obtain using (39) and the commutativity of 
the diagrams in (35), that β̃1,y,z(ruy

Θ◦ uz) = (ruy
Θ◦ uz), for all r ∈ R, ux ∈ Θx and uy ∈ Θy. Putting r = 1

and following the above argument, we conclude that β̃1,y,z = 1y1yz. Analogously, we obtain
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β̃x,1,z = 1x1xz e β̃x,y,1 = 1x1xy, for all x, y, z ∈ G.

Therefore, β̃−,−,− ∈ Z3
Θ(G, α, Z) is normalized.

We now verify that f̄Θ = {f̄Θ
x,y, x, y ∈ G} is a factor set for Θ. Let x, y, z ∈ G and ux ∈ Θx, uy ∈ Θy, uz ∈

Θz. Then,

f̄Θ
x,yz(ux ⊗ f̄Θ

y,z(uy ⊗ uz)) = σx,yz(ux
Θ◦ σy,z(uy

Θ◦ uz))
(28)= σx,yzαx(σy,z1x−1)(ux

Θ◦ (uy
Θ◦ uz))

= σx,yzαx(σy,z1x−1)β̃x,y,z((ux
Θ◦ uy)

Θ◦ uz)
(38)= σxy,zσx,y((ux

Θ◦ uy)
Θ◦ uz)

= f̄Θ
xy,z(f̄Θ

x,y(ux ⊗ uy) ⊗ uz).

Consequently, f̄Θ = {f̄Θ
x,y, x, y ∈ G} is a factor set for Θ. �

The next fact follows from the proof of Proposition 3.15 and (29).

Corollary 3.16. Let Γ : G −→ PicS(R) be a unital partial representation with Γx⊗RΓx−1 � R1x and Γx|Θx, 
for all x ∈ G. Let, furthermore, fΓ = {fΓ

x,y : Γx ⊗ Γy −→ 1xΓxy, ∈ x, y ∈ G} be a family of R-bimodule 
isomorphisms which satisfies the commutative diagrams in (35) and let βΓ

x,y,z : 1x1xyΘxyz −→ 1x1xyΘxyz

be an R-bimodule isomorphism such that

βΓ
x,y,z ◦ fΓ

x,yz ◦ (Γx ⊗ fΓ
y,z) = fΓ

xy,z ◦ (fΓ
x,y ⊗ Γz), ∀ x, y, z ∈ G.

Then β̃Γ
−,−,− ∈ Z3

Θ(G, α, Z).

The next result establishes the uniqueness of the class in H3
Θ(G, α, Z) of the 3-cocycle given in Corol-

lary 3.16.

Proposition 3.17. Let Γ : G −→ PicS(R) be a unital partial representation with Γx ⊗R Γx−1 � R1x and 
Γx|Θx, for all x ∈ G. Let, furthermore, fΓ = {fΓ

x,y : Γx ⊗R Γy −→ 1xΓxy, x, y ∈ G} be a family of 

R-bimodule isomorphisms which satisfies the commutative diagrams in (35). Then the class [β̃Γ
−,−,−] in 

H3
Θ(G, α, Z) does not depend on the choice of the representatives in [Γx], nor on the choice of R-bimodule 

isomorphisms fΓ.

Proof. Let Ωx ∈ [Γx]. Then there exists an R-bimodule isomorphism ax : Ωx −→ Γx, for each x ∈ G. Let

fΩ = {fΩ
x,y : Ωx ⊗R Ωy −→ 1xΩxy, x, y ∈ G}, fΓ = {fΓ

x,y : Γx ⊗R Γy −→ 1xΓxy, x, y ∈ G}

be families of R-module isomorphisms which satisfy the commutative diagrams in (35), and let β̃Ω
−,−,− and 

β̃Γ
−,−,− be the 3-cocycles associated with fΩ and fΓ, respectively. By definition, we have that

βΩ
x,y,z ◦ fΩ

x,yz ◦ (Ωx ⊗ fΩ
y,z) = fΩ

xy,z ◦ (fΩ
x,y ⊗ Ωz) and βΓ

x,y,z ◦ fΓ
x,yz ◦ (Γx ⊗ fΓ

y,z) = fΓ
xy,z ◦ (fΓ

x,y ⊗ Γz).

Denote by bx,y : 1xΩxy −→ 1xΩxy the R-bimodule isomorphism defined by the commutative diagram
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Ωx ⊗R Ωy

fΩ
x,y

ax⊗ay

1xΩxy

bx,y

Γx ⊗R Γy

fΓ
x,y

1xΩxy

1xΓxy

a−1
xy

that is,

axy ◦ bx,y ◦ fΩ
x,y = fΓ

x,y ◦ (ax ⊗ ay), ∀ x, y ∈ G.

Let b̃x,y ∈ U(Z1x1xy) be the image of bx,y under the isomorphism of Lemma 3.10. By (25) we obtain that 
b̃x,ytxy = bx,y(1xtxy), for all txy ∈ Ωxy. Writing fΩ

x,y(tx ⊗ ty) = (tx
Ω◦ ty) and fΓ

x,y(vx ⊗ vy) = (vx
Γ◦ vy), we 

have:

β̃Ω
x,y,z(tx

Ω◦ (ty
Ω◦ tz)) = ((tx

Ω◦ ty)
Ω◦ tz), (40)

β̃Γ
x,y,z(vx

Γ◦ (vy
Γ◦ vz)) = ((vx

Γ◦ vy)
Γ◦ vz), (41)

b̃x,yaxy(tx
Ω◦ ty) = (ax(tx)

Γ◦ ay(ty)). (42)

Given x, y, z ∈ G and tx ∈ Ωx, ty ∈ Ωy, tz ∈ Ωz we compute:

axyz((tx
Ω◦ ty)

Ω◦ tz)
(42)= b̃−1

xy,z(axy(tx
Ω◦ ty)

Γ◦ az(tz))
(42)= b̃−1

xy,z b̃
−1
x,y((ax(tx)

Γ◦ ay(ty))
Γ◦ az(tz))

(41)= b̃−1
xy,z b̃

−1
x,yβ̃Γ

x,y,z(ax(tx)
Γ◦ (ay(ty)

Γ◦ az(tz)))
(42)= b̃−1

xy,z b̃
−1
x,yβ̃Γ

x,y,z(ax(tx)
Γ◦ b̃y,zayz(ty

Ω◦ tz))
(28)= b̃−1

xy,z b̃
−1
x,yβ̃Γ

x,y,zαx(b̃y,z1x−1)(ax(tx)
Γ◦ ayz(ty

Ω◦ tz))
(42)= b̃−1

xy,z b̃
−1
x,yβ̃Γ

x,y,zαx(b̃y,z1x−1)b̃x,yzaxyz(tx
Ω◦ (ty

Ω◦ tz))

(40)= b̃−1
xy,z b̃

−1
x,yβ̃Γ

x,y,zαx(b̃y,z1x−1)b̃x,yzβ̃Ω
x,y,z

−1
axyz((tx

Ω◦ ty)
Ω◦ tz)

= axyz(b̃−1
xy,z b̃

−1
x,yβ̃Γ

x,y,zαx(b̃y,z1x−1)b̃x,yzβ̃Ω
x,y,z

−1
((tx

Ω◦ ty)
Ω◦ tz)).

Since axyz is an isomorphism, it follows that

((tx
Ω◦ ty)

Ω◦ tz) = b̃−1
xy,z b̃

−1
x,yβ̃Γ

x,y,zαx(b̃y,z1x−1)b̃x,yzβ̃Ω
x,y,z

−1
((tx

Ω◦ ty)
Ω◦ tz),

for all tx ∈ Ωx, ty ∈ Ωy, tz ∈ Ωz. Using the same argument of [24, Lemma 4.3], we conclude:

b̃−1
xy,z b̃

−1
x,yβ̃Γ

x,y,zαx(b̃y,z1x−1)b̃x,yzβ̃Ω
x,y,z

−1
= 1x1xy1xyz.

Hence, β̃Ω
x,y,z = β̃Γ

x,y,z b̃
−1
xy,z b̃

−1
x,yαx(b̃y,z1x−1)b̃x,yz = β̃Γ

x,y,z(δ2b̃−,−)(x, y, z), where b̃−,− : G × G → U(Z) and 

b̃x,y ∈ U(Z1x1xy). Consequently, [β̃Ω
−,−,−] = [β̃Γ

−,−,−] in H3
Θ(G, α, Z). �
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We proceed with the following technical fact.

Lemma 3.18. Let Θ, Ω, Γ : G −→ PicS(R) be unital partial representations with Γx|Θx, Ωx|Θx and Ωx ⊗R

Ωx−1 � Γx ⊗R Γx−1 � Θx ⊗R Θx−1 � R1x, for all x ∈ G. Let, furthermore, fΘ = {fΘ
x,y : Θx ⊗R Θy −→

1xΘxy, x, y ∈ G} be a factor set for Θ, let

fΓ = {fΓ
x,y : Γx ⊗R Γy −→ 1xΓxy, x, y ∈ G}, fΩ = {fΩ

x,y : Ωx ⊗R Ωy −→ 1xΩxy, x, y ∈ G}

be families of R-bimodule isomorphisms which satisfy the commutative diagrams in (35) and let β̃Γ
−,−,−, and 

β̃Ω
−,−,− be the 3-cocycles in Z3

Θ(G, α, Z) associated to fΓ and fΩ, respectively. Then,

Λ : G −→ PicS(R),
x �−→ [Γx ⊗R Θx−1 ⊗R Ωx]

is a unital partial representation with Λx⊗RΛx−1 � R1x and Λx|Θx, for all x ∈ G. The 3-cocycle associated 
with the family of R-bimodule isomorphisms fΛ = {fΛ

x,y : Λx ⊗R Λy −→ 1xΛxy, x, y ∈ G} defined by

Γx ⊗R Θx−1 ⊗R Ωx ⊗R Γy ⊗R Θy−1 ⊗R Ωy
Γx⊗TΘ

x−1⊗Ωx,Γy⊗Θ
y−1 ⊗Ωy

fΛ
x,y

Γx ⊗R Γy ⊗R Θy−1 ⊗R Θx−1 ⊗R Ωx ⊗R Ωy

fΓ
x,y⊗fΘ

y−1,x−1⊗fΩ
x,y

1xΓxy ⊗R 1y−1Θ(xy)−1 ⊗R 1xΩxy

1xΓxy ⊗R Θ(xy)−1 ⊗R Ωxy,

is given by β̃Λ
−,−,− = β̃Γ

−,−,−β̃
Ω
−,−,−, where T−,− is the isomorphism from Proposition 2.10. If fΓ and fΩ

are factor sets for Γ and Ω, respectively, then fΛ is a factor set for Λ and Δ(Λ) is a generalized partial 
crossed product.

Proof. Clearly Λ1 = R. By the above diagram there is an R-bimodule isomorphism Λx⊗RΛy � R1x⊗RΛxy, 
where x, y ∈ G. In particular, Λx ⊗R Λx−1 � R1x. Moreover, it is easy to see that Λx ⊗R R1x−1 � Λx �
R1x ⊗R Λx and Λx ⊗R R1y � R1xyΛx, for all x, y ∈ G. Then,

Λx−1 ⊗R Λx ⊗R Λy � Λx−1 ⊗R R1x ⊗R Λxy � Λx−1 ⊗R Λxy.

On the other hand,

Λx ⊗R Λy ⊗R Λy−1 � R1x ⊗R Λxy ⊗R Λy−1 � Λxy ⊗R R1y−1 ⊗R Λy−1 � Λxy ⊗R Λy−1 .

Thus, Λ is a unital partial representation. Since Γx|Θx and Ωx|Θx, then Λx � Γx ⊗ Θx−1 ⊗ Ωx|Θx, for 
all x ∈ G.

By definition,

β̃Γ
x,y,z(vx

Γ◦ (vy
Γ◦ vz)) = ((vx

Γ◦ vy)
Γ◦ vz) and β̃Ω

x,y,z(wx
Ω◦ (wy

Ω◦ wz)) = ((wx
Ω◦ wy)

Ω◦ wz),
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for all vi ∈ Γi and wi ∈ Ωi, i ∈ G. Using [28, Lemma 1.4] it can be seen that

βΓ
x,y,zβ

Ω
x,y,z ◦ fΛ

x,yz ◦ (Λx ⊗ fΛ
y,z) = fΛ

xy,z ◦ (fΛ
x,y ⊗ Λz), x, y, z ∈ G.

In particular, if fΓ is a factor set for Γ and fΩ is a factor set for Ω, then βΓ and βΩ are trivial, thus βΓβΩ

is trivial too. Therefore fΛ is a factor set for Λ. �
Definition 3.19. Let Δ(Θ) and Δ(Γ) be partial generalized crossed products with R-bimodule and ring 
isomorphism i : R −→ Θ1 and j : R −→ Γ1, respectively, as in Remark 3.14. A morphism of partial 
generalized crossed products F : Δ(Θ) −→ Δ(Γ) is a set of R-bimolude morphisms {Fx : Θx −→ Γx, x ∈ G}
such that F1 ◦ i = j and the following commutative diagram is satisfied:

Θx ⊗R Θy

fΘ
x,y

Fx⊗Fy

1xΘxy

Fxy

Γx ⊗R Γy
fΓ
x,y

1xΓxy

(43)

A morphism F of partial generalized crossed products is called an isomorphism if each morphism Fx :
Θx −→ Γx is an R-bimodule isomorphism.

We denote by [Δ(Ω)] the isomorphism class of the partial generalized crossed product Δ(Ω).

Remark 3.20. If F = {Fx : Θx −→ Γx, x ∈ G} is a family of R-bimodule isomorphism satisfying the 
commutative diagram (43), then F is an isomorphism of partial generalized crossed products. Indeed, it is 
enough to show that F1 ◦ i = j. It follows from Remark 3.14 and the commutative diagram (43) that the 
following diagram is commutative:

R⊗R Θx

�

i⊗Θx Θ1 ⊗R Θx

F1⊗Fx

fΘ
1,x

Γ1 ⊗R Γx

fΓ
1,x

R⊗R Γx
�

j⊗Γx

Θx
Fx

Γx

Given vx ∈ Γx, there is ux ∈ Θx such that Fx(ux) = vx. Then (F1(i(1)) Γ◦ Fx(ux)) = Fx(ux), that is,

(F1(i(1)) Γ◦ vx) = vx, for all vx ∈ Γx.

On the other hand, the commutative diagram

Θx ⊗R R

�

Θx⊗i
Θx ⊗R Θ1

Fx⊗F1

fΘ
x,1

Γx ⊗R Γ1

fΓ
x,1

Γx ⊗R R

�

Γx⊗j

Θx
Fx

Γx

implies that (vx
Γ◦ F1(i(1))) = vx, for all vx ∈ Γx. Thus, F (i(1)) = j(1) is the unity of Δ(Γ). Therefore, 

F ◦ i = j.
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Remark 3.21. Let Θ be a partial representation and fΘ = {fΘ
x,y : Θx ⊗R Θy −→ 1xΘxy, x, y ∈ G} a factor 

set for Θ. For each x ∈ G, we have an R-bimodule isomorphism fΘ
x,x−1 : Θx⊗RΘx−1 −→ R1x, whose inverse 

is

(fΘ
x,x−1)−1 : R1x −→ Θx ⊗R Θx−1

r1x −→
∑
(x)

rωx ⊗ ωx−1 ,

where 
∑
(x)

(ωx
Θ◦ ωx−1) = 1x. Restricting, we obtain an R-bimodule isomorphism 1xfΘ

xy,(xy)−1 : 1xΘxy ⊗R

Θ(xy)−1 −→ R1x1xy. Denote 1x =
∑
(x)

(ωx
Θ◦ ωx−1) and 1y =

∑
(y)

(ωy
Θ◦ ωy−1). Then, by associativity, we have

∑
(x),(y)

(
(ωx

Θ◦ ωy)
Θ◦ (ωy−1

Θ◦ ωx−1)
)

=
∑

(x),(y)

(
ωx

Θ◦ (ωy
Θ◦ ωy−1) Θ◦ ωx−1

)
=

∑
(x)

(ωx1y
Θ◦ ωx−1) =

∑
(x)

1xy(ωx
Θ◦ ωx−1) = 1xy1x.

Thus,

(1xfΘ
xy,y−1x−1)−1 : R1x1xy −→ 1xΘxy ⊗R Θ(xy)−1

r1x1xy �−→
∑

(x),(y)

r((ωx
Θ◦ ωy) ⊗ (ωy−1

Θ◦ ωx−1)).

3.4. Unital partial representations G → SR(S)

As we have seen in Section 3.3, if Θ : G −→ PicS(R) is a unital partial representation such that we have 
a generalized partial crossed product Δ(Θ), then R ⊆ Δ(Θ) is a ring extension with the same unity. In this 
section we shall see how to obtain a generalized partial crossed product from a ring extension and a certain 
partial representation.

Let R ⊆ S be a ring extension with the same unity element. Denote by SR(S) the set of the R-
subbimodules of S. Given M, N ∈ SR(S), define the product:

MN =
{

k∑
i=1

mini; mi ∈ M,ni ∈ N

}
.

With the above operation SR(S) is a monoid with neutral element R.
A partial representation

Θ : G −→ SR(S),
x �−→ Θx

will be called unital if εx = ΘxΘx−1 = R1x, where 1x is a central idempotent in R, for each x ∈ G. The 
equality ΘxΘx−1Θx = Θx, (x ∈ G), implies that R1xΘx = Θx and ΘxR1x−1 = Θx. Hence 1xux = ux and 
ux1x−1 = ux, for all ux ∈ Θx and x ∈ G. Furthermore, if M is an S-bimodule then ΘxM = 1xM = {m ∈
M, 1xm = m}. Indeed, obviously, ΘxM ⊆ 1xM . If m ∈ 1xM , then

m = 1xm =
∑

(ωxωx−1)m =
∑

ωx(ωx−1m) ∈ ΘxM.

(x) (x)
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Analogously, MΘx = M1x−1 , for each x ∈ G.

Proposition 3.22. Let Θ : G −→ SR(S) be a unital partial representation. Then,

(i) [Θx] ∈ PicS(R).
(ii) If M is an S-bimodule, then

ml : Θx ⊗R M −→ ΘxM

ux ⊗m �−→ uxm
and

mr : M ⊗R Θx −→ MΘx

m⊗ ux �−→ mux

are R-S-bimodule and S-R-bimodule isomorphisms, respectively.
(iii) Let M be an S-bimodule and let N be an R-subbimodule of M . Then we have the following R-bimodule 

isomorphisms:

Θx ⊗R N −→ ΘxN

ux ⊗ n �−→ uxn
and

N ⊗R Θx −→ NΘx

n⊗ ux−1 �−→ nux−1
.

Proof. (i) Let ωi
x ∈ Θx and ωi

x−1 ∈ Θx−1 be such that 
m∑
i=1

ωi
xω

i
x−1 = 1x. Define, fi : Θx −→ R by 

f(ux) = ωi
x−1ux. Then fi is right R-linear and

n∑
i=1

ωi
xfi(ux) =

n∑
i=1

ωi
xω

i
x−1ux = 1xux = ux,

for all ux ∈ Θx. Consequently, {ωi
x, fi} is a dual basis for the right R-module Θx. Analogously, let ωj

x ∈ Θx

and ωj
x−1 ∈ Θx−1 , j = 1, 2, ..., m, be such that 

m∑
j=1

ωj
x−1ω

j
x = 1x−1 , and gj : Θx −→ R, defined by gj(ux) =

uxω
j
x−1 , then {ωj

x, gj} is a dual basis for the left R-module Θx.

Let ϕ : Θx −→ Θx be a right R-linear map. Then, ϕ̃ =
n∑

i=1
ϕ(ωi

x)ωi
x−1 ∈ R1x and

ϕ̃ux =
n∑

i=1
ϕ(ωi

x)ωi
x−1ux =

n∑
i=1

ϕ(ωi
xω

i
x−1ux) = ϕ(1xux) = ϕ(ux),

for all ux ∈ Θx. Then the map R −→ End(ΘxR), defined by r �−→ (ux �→ rux), is surjective. Similarly, the 
map R −→ End(RΘx), defined by r �−→ (ux �→ uxr), is surjective. Thus, [Θx] ∈ PicS(R).

(ii) Clearly, ml is a well-defined R-S-bilinear map. Its inverse is given by

m−1
l : ΘxM −→ Θx ⊗R M,

m �−→
∑
(x)

ωx ⊗ ωx−1m,

where 1x =
∑
(x)

ωxωx−1 , with ωx ∈ Θx and ωx−1 ∈ Θx−1 . Similarly, the inverse of mr is given by MΘx �

m �→
∑

mωx−1 ⊗ ωx ∈ M ⊗ Θx, where 1x−1 =
∑

ωx−1ωx.

(x) (x)
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(iii) Note that ΘxN ⊆ M is an R-subbimodule of M , such that 1xn = n and ux−1n ∈ N , for all n ∈ ΘxN

and ux−1 ∈ Θx−1 . Indeed, if n ∈ ΘxN , then n =
n∑

i=1
ui
xni, with ui

x ∈ Θx and ni ∈ N . Since N ⊆ M is an 

R-subbimodule, we have:

ux−1n =
n∑

i=1
ux−1(ui

xni) =
n∑

i=1
(ux−1ui

x︸ ︷︷ ︸
∈R1x−1

)ni ∈ N.

Analogously, NΘx is an R-subbimodule of M which satisfies n′1x−1 = n and n′ux−1 ∈ N , for all n′ ∈ NΘx

and ux−1 ∈ Θx−1 . Hence, the isomorphism follows as in item (ii). �
Corollary 3.23. Let N ∈ SR(S). Then Θx ⊗R N � ΘxN , for each x ∈ G. In particular, Θx ⊗R Θy � ΘxΘy, 
for all x, y ∈ G.

Remark 3.24. Let

Θ : G −→ SR(S)
x �−→ Θx

be a unital partial representation with ΘxΘx−1 = R1x. By Proposition 3.22 and Corollary 3.23 the map

Θ : G −→ PicS(R),
x �−→ [Θx]

is a unital partial representation with Θx ⊗R Θx−1 � R1x, (x ∈ G). Let fΘ be the family of R-bimodule 
isomorphisms whose members

fΘ
x,y : Θx ⊗R Θy −→ ΘxΘy = 1xΘxy,

ux ⊗ uy �−→ uxuy

are induced by the multiplication in S. Then fΘ is factor set for Θ. Therefore, we have a generalized partial 
crossed product Δ(Θ), where each Θx ⊆ S is an R-subbimodule.

Conversely, if Θ : G −→ PicS(R) is a unital partial representation with a factor set fΘ, then the 
generalized partial crossed product Δ(Θ) is an extension of R with the same unity. In this case, each 
Θx ⊆ Δ(Θ) is an R-subbimodule. By Corollary 3.23, the map Θ : G −→ SR(Δ(Θ)) with Θ(x) = Θx, is a 
unital partial representation.

Example 3.25. (Partial crossed product) Let α = ({Dx}x∈G, {αx}x∈G, {ωx,y}x,y∈G) be a unital twisted 
partial action of G on R with Dx = R1x, for each x ∈ G (see [18, Definition 2.1]). Consider the partial 
crossed product R �α,ω G =

⊕
x∈G Dxδx, whose multiplication is defined by

(uxδx)(uyδy) = uxαx(uy1x−1)ωx,yδxy.

By [18, Theorem 2.4], R �α,ω G is an associative unital ring. Let

Θ : G −→ SR(R �α,ω G)
x �−→ Dxδx

.

It is easy to see that (Dxδx)(Dx−1δx−1)(Dxδx) ⊆ Dxδx, for each x ∈ G. On the other hand, if uxδx ∈ Dxδx, 
then
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(uxδx)(1x−1δx−1)(ω−1
x,x−1δx) = (uxωx,x−1δ1)(ω−1

x,x−1δx) = uxωx,x−1ω−1
x,x−1δx = ux1xδx = uxδx.

Hence, (Dxδx)(Dx−1δx−1)(Dxδx) = Dxδx, for each x ∈ G. By [18, Lemma 5.3], we have that

(Dxδx)(Dyδy)(Dy−1δy−1) = (Dxyδxy)(Dy−1δy−1) and (D−1
x δx)(Dxδx)(Dyδy) = (Dx−1δx−1)(Dxyδxy),

for all x, y ∈ G. Consequently, Θ is a partial representation. Observe now that (Dxδx)(Dx−1δx−1) = Dx, 
for each x ∈ G. Indeed, the inclusion (Dxδx)(Dx−1δx−1) ⊆ Dx is immediate. Given ux ∈ Dx, we have 
(uxω

−1
x,x−1δx)(1x−1δx) = uxω

−1
x,x−1ωx,x−1δ1 = ux1xδ1 = uxδ1 ∈ Dx. Therefore, Θ is a unital partial represen-

tation. By Remark 3.24, we obtain that

fΘ
x,y : (Dxδx) ⊗ (Dyδy) −→ DxDxyδxy

uxδx ⊗ uyδy �−→ uxαx(uy1x−1)ωx,yδxy
,

is a factor set for Θ. Hence, Δ(Θ) =
⊕

x∈G Dxδx = R �α,ω G is a generalized partial crossed product.

4. The group C(Θ/R) and partial cohomology

In all what follows the unadorned ⊗ will stand for ⊗R, unless otherwise stated.
Let

Θ : G −→ PicS(R)
x �−→ [Θx]

be a unital partial representation with εx = Θx⊗Θx−1 � R1x, for all x ∈ G and let fΘ = {fΘ
x,y : Θx⊗Θy −→

1xΘxy, x, y ∈ G} be a factor set for Θ and Δ(Θ) the partial generalized crossed product with factor set 
fΘ = {fΘ

x,y : Θx ⊗ Θy → 1xΘxy, x, y ∈ G}.

Theorem 4.1. The set

C(Θ/R) = {[Δ(Γ)]; Γx|Θx and Γx ⊗ Γx−1 � R1x, for all x ∈ G}

is an abelian group with multiplication defined by

[Δ(Ω)][Δ(Γ)] =
[⊕
x∈G

Ωx ⊗ Θx−1 ⊗ Γx

]
,

where the factor set

fΩΓ = {fΩΓ
x,y : Γx ⊗ Θx−1 ⊗ Ωx ⊗ Γy ⊗ Θy−1 ⊗ Ωy −→ 1xΓxy ⊗ Θ(xy)−1 ⊗ Ωxy}

consists of isomorphisms defined in Lemma 3.18.

Proof. By Lemma 3.18 we have [Δ(Ω)][Δ(Γ)] =
[⊕

x∈G Ωx ⊗ Θx−1 ⊗ Γx

]
∈ C(Θ/R). First, we need to show 

that this operation is well defined, i.e. it does not depend on the choice of the representative of the class. Let 
[Δ(Γ)] = [Δ(Σ)] and [Δ(Ω)] = [Δ(Λ)] in C(Θ/R), then there is R-bimodule isomorphisms ax : Γx −→ Σx

and bx : Ωx −→ Λx and commutative diagrams



M. Dokuchaev, I. Rocha / Journal of Pure and Applied Algebra 228 (2024) 107558 31
Γx ⊗ Γy

ax⊗ay

fΓ
x,y

1xΓxy

axy

Σx ⊗ Σy
fΣ
x,y

1xΣxy

Ωx ⊗ Ωy

bx⊗by

fΩ
x,y

1xΩxy

bxy

Λx ⊗ Λy
fΛ
x,y

1xΛxy

By definition [Δ(Γ)][Δ(Ω)] =
[⊕

x∈G Γx ⊗ Θx−1 ⊗ Ωx

]
and [Δ(Σ)][Δ(Λ)] =

[⊕
x∈G Σx ⊗ Θx−1 ⊗ Λx

]
. 

Define the R-bimodule isomorphism dxy : Γx ⊗ Θx−1 ⊗ Ωx −→ Σx ⊗ Θx−1 ⊗ Λx, by dxy(vx ⊗ ux−1 ⊗ ωx) =
ax(vx) ⊗ ux−1 ⊗ bx(ωx). We have that the following diagram is commutative

Γx ⊗ Θx−1 ⊗ Ωx ⊗ Γy ⊗ Θy−1 ⊗ Ωy

dx⊗dy

fΓΩ
x,y

1xΓxy ⊗ Θ(xy)−1 ⊗ Ωxy

dxy

Σx ⊗ Θx−1 ⊗ Λx ⊗ Σy ⊗ Θy−1 ⊗ Λy
fΣΛ
x,y

1xΣxy ⊗ Θ(xy)−1 ⊗ Λxy

This implies that [Δ(Γ)][Δ(Ω)] = [Δ(Σ)][Δ(Λ)] in C(Θ/R) and the assertion follows.
Let us show that with this operation C(Θ/R) is, in fact, a group. The associativity is verified analogously to 

the proof of Lemma 3.18. Given [Δ(Γ)], [Δ(Ω)] ∈ C(Θ/R), we have [Δ(Γ)][Δ(Ω)] =
[⊕

x∈G Γx ⊗ Θx−1 ⊗ Ωx

]
and [Δ(Ω)][Δ(Γ)] =

[⊕
x∈G Ωx ⊗ Θx−1 ⊗ Γx

]
. For each x ∈ G, consider the isomorphism λx defined by

Γx ⊗ Θx−1 ⊗ Ωx

λx

Γx ⊗ Θx−1 ⊗ Ωx ⊗R1x−1 Γx ⊗ Θx−1 ⊗ Ωx ⊗ Θx−1 ⊗ Θx

Ωx ⊗ Θx−1 ⊗ Γx ⊗ Θx−1 ⊗ Θx

Ωx ⊗ Θx−1 ⊗ Γx ⊗R1x−1

Ωx ⊗ Θx−1 ⊗ Γx

Then it is directly verified that the following diagram is commutative:

Γx ⊗ Θx−1 ⊗ Ωx ⊗ Γy ⊗ Θy−1 ⊗ Ωy

fΓΩ
x,y

λx⊗λy

1xΓxy ⊗ Θ(xy)−1 ⊗ Ωxy

1xλxy

Ωx ⊗ Θx−1 ⊗ Γx ⊗ Ωy ⊗ Θy−1 ⊗ Γy
fΩΓ
x,y

1xΩxy ⊗ Θ(xy)−1 ⊗ Γxy.

(44)

Thus, [Δ(Γ)][Δ(Ω)] = [Δ(Ω)][Δ(Γ)] in C(Θ/R) and we have the commutativity.
Given [Δ(Ω)] ∈ C(Θ/R), we have [Δ(Ω)][Δ(Θ)] =

[⊕
x∈G Ωx ⊗ Θx−1 ⊗ Θx

]
. For each x ∈ G, consider 

the R-bimodule isomorphism ϕx : Ωx ⊗Θx ⊗Θx−1 −→ Ωx defined by ϕx(ωx ⊗ ux ⊗ ux−1) = ωx(ux
Θ◦ ux−1). 

Then, the following diagram is commutative
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Ωx ⊗ Θx−1 ⊗ Θx ⊗ Ωy ⊗ Θy−1 ⊗ Θy

ϕx⊗ϕy

fΩΘ
x,y

1xΩxy ⊗ Θ(xy)−1 ⊗ Θxy

ϕxy

Ωx ⊗ Ωy
fΩ
x,y

1xΩxy

Thus, [Δ(Γ)][Δ(Θ)] = [Δ(Θ)] in C(Θ/R). Therefore, [Δ(Θ)] is the unity in C(Θ/R).
Finally, the inverse element of the class [Δ(Ω)] ∈ C(Θ/R) is given by [Δ(Ω)]−1 =

[⊕
x∈G Θx ⊗ Ωx−1 ⊗ Θx

]
. 

Indeed, by Lemma 3.18 we have [Δ(Ω)]−1 ∈ C(Θ/R). Moreover, the R-bimodule isomorphism ψx :
Ωx ⊗ Θx−1 ⊗ Θx ⊗ Ωx−1 ⊗ Θx → Θx defined via

Ωx ⊗ Θx−1 ⊗ Θx ⊗ Ωx−1 ⊗ Θx

ψx

Ωx ⊗R1x−1 ⊗ Ωx−1 ⊗ Θx Ωx ⊗ Ωx−1 ⊗ Θx

R1x ⊗ Θx � Θx

gives an isomorphism of partial generalized crossed products. Therefore, C(Θ/R) is an abelian group. �
Proposition 4.2. The set

C0(Θ/R) = {[Δ(Γ)]; Γx � Θx, for all x ∈ G},

is a subgroup of C(Θ/R).

Proof. If [Δ(Γ)] ∈ C0(Θ/R), then Γx � Θx, for all x ∈ G. In particular, Γx|Θx and Γx⊗Γx−1 � Θx⊗Θx−1 �
R1x, for all x ∈ G. Then, [Δ(Γ)] ∈ C(Θ/R). Given [Δ(Γ)], [Δ(Ω)] ∈ C0(Θ/R), we have

Γx ⊗ Θx−1 ⊗ Ωx � Θx ⊗ Θx−1 ⊗ Θx � Θx and Θx ⊗ Γx−1 ⊗ Θx � Θx ⊗ Θx−1 ⊗ Θx � Θx,

for all x ∈ G. Thus, [Δ(Γ)][Δ(Ω)], [Δ(Γ)]−1 ∈ C0(Θ/R). Therefore, C0(Θ/R) is a subgroup of C(Θ/R). �
Lemma 4.3. Let [Δ(Γ)] ∈ C0(Θ/R) and ax : Γx −→ Θx be an R-bimodule isomorphism, for each x ∈ G. Let 
τx,y : 1xΘxy −→ 1xΘxy be the R-bimodule isomorphism defined by the commutative diagram

Γx ⊗ Γy

fΓ
x,y

ax⊗ay

1xΓxy

axy

Θx ⊗ Θy
fΘ
x,y

1xΘxy τx,y
1xΘxy

that is, τx,y ◦ fΘ
x,y ◦ (ax ⊗ ay) = axy ◦ fΓ

x,y, x, y ∈ G. Then, τ̃−,− is a normalized element in Z2
Θ(G, α, Z), 

where τ̃x,y is defined in Lemma 3.10.

Proof. By Lemma 3.10 we have τ̃x,y ∈ U(Z1x1xy) and

τ̃x,y(ax(vx) Θ◦ ay(vy)) = axy(vx
Γ◦ vy), (45)

for all vx ∈ Γx and vy ∈ Γy. For x, y, z ∈ G, vx ∈ Γx, vy ∈ Γy and vz ∈ Γz, we obtain
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axyz((vx
Γ◦ vy)

Γ◦ vz)
(45)= τ̃xy,z τ̃x,y((ax(vx) Θ◦ ay(vy))

Θ◦ az(vz))

= τ̃xy,z τ̃x,y(ax(vx) Θ◦ (ay(vy)
Θ◦ az(vz)))

(45)= τ̃xy,z τ̃x,y(ax(vx) Θ◦ τ̃−1
y,zayz(vy

Γ◦ vz))
(28)= τ̃xy,z τ̃x,yαx(τ̃−1

y,z1x−1)(ax(vx) Θ◦ ayz(vy
Γ◦ vz))

(45)= τ̃xy,z τ̃x,yαx(τ̃−1
y,z1x−1)τ̃−1

x,yzaxyz(vx
Γ◦ (vy

Γ◦ vz))

= τ̃xy,z τ̃x,yαx(τ̃−1
y,z1x−1)τ̃−1

x,yzaxyz((vx
Γ◦ vy)

Γ◦ vz)

= axyz(τ̃xy,z τ̃x,yαx(τ̃−1
y,z1x−1)τ̃−1

x,yz(vx
Γ◦ vy)

Γ◦ vz).

Since axyz is an R-bimodule isomorphism, we see that

((vx
Γ◦ vy)

Γ◦ vz) = τ̃xy,z τ̃x,yαx(τ̃−1
y,z1x−1)τ̃−1

x,yz((vx
Γ◦ vy)

Γ◦ vz), (46)

for all vx ∈ Γx, vy ∈ Γy and vz ∈ Γz. Using the same argument as in Proposition 3.15 we obtain

τ̃xy,z τ̃x,yαx(τ̃−1
y,z1x−1)τ̃−1

x,yz1x = 1x1xy1xyz.

This implies that τ̃−1
−,− ∈ Z2

Θ(G, α, Z) and consequently τ̃−,− ∈ Z2
Θ(G, α, Z). For x = 1, by (36) and (45)

we have τ̃1,y(ray(vy)) = ay(rvy) for all r ∈ R, vy ∈ Γy. Take r = 1. Since ay is an R-bimodule isomorphism, 
then τ̃1,yvy = vy, for all vy ∈ Γy. The same argument as above implies that τ̃1,y = 1y. Analogously, τ̃x,1 = 1x. 
Therefore, τ̃−,− is normalized. �
Theorem 4.4. The map

ζ : C0(Θ/R) −→ H2
Θ(G,α,Z)

[Δ(Γ)] �−→ [τ̃−,−],

where τ̃−,− ∈ Z2(G, α, Z) is defined in Lemma 4.3, is a group isomorphism.

Proof. Let [Δ(Γ)], [Δ(Ω)] ∈ C0(Θ/R) and take R-bimodule isomorphisms ax : Γx −→ Θx and bx : Ωx −→
Θx, for x ∈ G. Denote,

τx,y ◦ fΘ
x,y ◦ (ax ⊗ ay) = axy ◦ fΓ

x,y, and γx,y ◦ fΘ
x,y ◦ (bx ⊗ by) = bxy ◦ fΩ

x,y, ∀ x, y ∈ G. (47)

Let us first show that ζ is well-defined. Suppose that [Δ(Γ)] = [Δ(Ω)] in C0(Θ/R). Then there exist 
R-bimodule isomorphisms ξx : Γx −→ Ωx, x ∈ G, such that the following diagram is commutative:

Γx ⊗ Γy

fΓ
x,y

ξx⊗ξy

1xΓxy

ξxy

Ωx ⊗ Ωy
fΩ
x,y

1xΩxy.

(48)

For each x ∈ G consider the R-bimodule isomorphism βx : Θx → Θx defined by

βx = bx ◦ ξx ◦ a−1
x , ∀ x ∈ G. (49)
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Claim 4.5. βxy ◦ τx,y ◦ fΘ
x,y = γx,y ◦ fΘ

x,y ◦ (βx ⊗ βy), for all x, y ∈ G.

Indeed, by (47) and by the commutative diagram (48), we obtain

γx,y ◦ fΘ
x,y ◦ (βx ⊗ βy) = γx,y ◦ fΘ

x,y ◦ ((bx ◦ ξx ◦ a−1
x ) ⊗ (by ◦ ξy ◦ a−1

y ))

= γx,y ◦ fΘ
x,y ◦ (bx ⊗ by) ◦ (ξx ⊗ ξy) ◦ (a−1

x ⊗ a−1
y )

(47)= bxy ◦ fΩ
x,y ◦ (ξx ⊗ ξy) ◦ (a−1

x ⊗ a−1
y )

= bxy ◦ ξxy ◦ fΓ
x,y ◦ (a−1

x ⊗ a−1
y )

(47)= bxy ◦ ξxy ◦ a−1
xy ◦ τx,y ◦ fΘ

x,y

= βxy ◦ τx,y ◦ fΘ
x,y.

Then, for each ux ∈ Θx, uy ∈ Θy we have βxy(τx,y(ux
Θ◦ uy)) = γx,y(βx(ux) Θ◦ βy(uy)). On one hand, by 

(25), we see that βxy(τx,y(ux
Θ◦ u)) = βxy(τ̃x,y(ux

Θ◦ uy)) = β̃xy τ̃x,y(ux
Θ◦ uy). On the other hand, using (25)

and (28), we obtain γx,y(βx(ux) 
Θ◦ βy(uy)) = γ̃x,y(β̃xux

Θ◦ β̃yuy) = γ̃x,yβ̃xαx(β̃y1x−1)(ux
Θ◦ uy). Then,

β̃xy τ̃x,y(ux
Θ◦ uy) = γ̃x,yβ̃xαx(β̃y1x−1)(ux

Θ◦ uy),

for all ux ∈ Θx and uy ∈ Θy. Using the argument in Lemma 4.3, we have

β̃xy τ̃x,y = γ̃x,yβ̃xαx(β̃y1x−1), for all x, y ∈ G. (50)

Let h : G −→ Z defined by hx = β̃x. Then hx ∈ U(Z1x), for all x ∈ G and we get

τ̃x,y = γ̃x,yαx(hy1x−1)h−1
xy hx = γ̃x,y(δ1h)(x, y), ∀ x, y ∈ G.

This implies that [τ̃−,−] = [γ̃−,−] in H2
Θ(G, α, Z), proving that ζ is well-defined.

To show that ζ is injective, suppose that ζ([Δ(Γ)]) = ζ([Δ(Ω)]) in H2
Θ(G, α, Z). Then there exist h :

G −→ Z, with h(x) = hx ∈ U(Z1x), for all x ∈ G, and

τ̃x,y = γ̃x,yαx(hy1x−1)h−1
xy hx, ∀ x, y ∈ G.

Consider the map

βx : Θx −→ Θx

ux �−→ hxux.

Then βx is an R-bimodule isomorphism and β̃x = hx, for all x ∈ G (see Lemma 3.10). Hence,

τ̃x,yβ̃xy = γ̃x,yαx(β̃y1x−1)β̃y, ∀ x, y ∈ G. (51)

Let λx : Γx → Ωx, (x ∈ G), be the isomorphism defined by λx = b−1
x ◦ βx ◦ ax. We will verify that following 

diagram is commutative:

Γx ⊗R Γy

fΓ
x,y

λx⊗λy

1xΓxy

λxy

Ωx ⊗R Ωy
fΩ
x,y

1xΩxy.

(52)
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Firstly, we check that

βxy ◦ τx,y ◦ fΘ
x,y = γx,y ◦ fΘ

x,y ◦ (βx ⊗ βy), for all x, y ∈ G. (53)

Indeed, for ux ∈ Θx and uy ∈ Θy, by (25) we see that βxy(τx,y(ux
Θ◦ uy)) = β̃x,y τ̃x,y(ux

Θ◦ uy). Analogously, 
by (25), (28) and (51) it follows that

γx,y(βx(ux)
Θ◦ βy(uy)) = γ̃x,y(β̃xux

Θ◦ β̃yuy) = γ̃x,yβ̃xαx(β̃y1x−1)(ux
Θ◦ uy) = β̃xy τ̃x,y(ux

Θ◦ uy)

Consequently, (53) holds. Using (47) and (53), we have

λxy ◦ fΓ
x,y = b−1

xy ◦ βxy ◦ axy ◦ fΓ
x,y

(47)= b−1
xy ◦ βxy ◦ τx,y ◦ fΘ

x,y ◦ (ax ⊗ ay)
(53)= b−1

xy ◦ γxy ◦ fΘ
x,y ◦ (βx ⊗ βy) ◦ (ax ⊗ ay)

(47)= b−1
xy ◦ bxy ◦ fΩ

x,y ◦ (b−1
x ⊗ b−1

y ) ◦ (βx ⊗ βy) ◦ (ax ⊗ ay)

= fΩ
x,y ⊗ (λx ⊗ λy).

This implies that the diagram (52) is commutative. Thus, we have a partial generalized crossed product 
isomorphism. Therefore, [Δ(Γ)] = [Δ(Ω)] in C0(Θ/R) and ζ is injective.

Let σ : G ×G −→ Z be a normalized 2-cocycle in Z2
Θ(G, α, Z). Then

αx(σy,z1x−1)σx,yz = σxy,zσx,y, ∀ x, y, z ∈ G. (54)

Consider the R-bimodule isomorphism ρx : Θx −→ Θx defined by ρx(ux) = σx,xux, and define Σx = Θx, as 
R-bimodules. Then, ρx : Σx −→ Θx is an R-bimodule isomorphism. Let

fΣ
x,y : Σx ⊗R Σy −→ 1xΣxy

ux ⊗ uy �−→ σx,y(ux
Θ◦ uy).

Given ux ∈ Σx, uy ∈ Σy and uz ∈ Σz, by (54) we obtain that

fΣ
x,yz(ux ⊗ fΣ

y,z(uy ⊗ uz)) = σx,yz(ux
Θ◦ σy,z(uy

Θ◦ uz)) = σx,yzαx(σy,z1x−1)(ux
Θ◦ (uy

Θ◦ uz))

= σxy,zσx,y((ux
Θ◦ uy)

Θ◦ uz) = σxy,z(σx,y(ux
Θ◦ uy)

Θ◦ uz)

= fΣ
xy,z(fΣ

x,y(ux ⊗ uy) ⊗ uz).

Thus, fΣ = {fΣ
x,y : σx ⊗ Σy → 1xΣxy, x, y ∈ G} is a factor set for Σ and Δ(Σ) =

⊕
x Σx is a partial 

generalized crossed product with [Δ(Σ)] ∈ C0(Θ/R). Let λ ∈ C1(G, α, Z) be defined by λx = σ−1
x,x. Consider 

the R-bimodule isomorphism

Υ : 1xΘxy → 1xΘxy

ux �→ σx,y(δ1λ)(x, y)uxy.

Then, Υ̃ = σx,y(δ1λ)(x, y) and

ρxy(fΣ
x,y(ux ⊗ uy)) = ρxy(σx,y(ux

Θ◦ uy)) = σx,yρxy(ux
Θ◦ uy) = σx,yσxy,xy(ux

Θ◦ uy)

= σx,yσxy,xy(σ−1
x,xρx(ux) Θ◦ σ−1

y,yρy(uy)) = σx,yσxy,xy(σ−1
x,xρx(ux)σ−1

y,y

Θ◦ ρy(uy))
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= σx,yσxy,xy(σ−1
x,xαx(σ−1

y,y1x−1)ρx(ux)
Θ◦ ρy(uy))

= σx,yσxy,xyσ
−1
x,xαx(σ−1

y,y1x−1)(ρx(ux)
Θ◦ ρy(uy))

= σx,y(δ1λ)(x, y)fΘ
x,y(ρx(ux) ⊗ ρy(uy)).

This implies that ρx,y ◦ fΣ
x,y = Υ ◦ fΘ

x,y ◦ (ρx ⊗ ρy). Thus, ζ([Δ(Σ)]) = [σ(δ1λ)] = [σ−,−] in H2
Θ(G, α, Z), 

proving that ζ is onto. Finally, it is easy check that ζ is a group homomorphism. �
5. The seven term exact sequence

In this section we shall construct an exact sequence which generalizes the Miyashita’s sequence for non-
commutative unital rings [45, Teorema 2.12]. To this end fix a ring extension R ⊆ S with the same unity 
and a unital partial representation

Θ : G −→ SR(S),
x �−→ Θx,

with εx = ΘxΘx−1 = R1x, for each x ∈ G. Let Δ(Θ) be the generalized partial crossed product provided 
by Remark 3.24 with factor set fΘ = {fΘ

x,y : Θx ⊗ Θy −→ 1xΘxy, x, y ∈ G} and the ring and R-bimodule 
isomorphism ι : R −→ Θ1 as in (35).

5.1. The first exact sequence

In this subsection we establish the initial three term part of the final sequence. Let PZ(S/R) be the 
group defined in Section 2.4. Denote

PZ(S/R)(G) = { [P ] [φ] [X] ∈ PZ(S/R); Θxφ(P ) = φ(P )Θx for all x ∈ G}.

Remark 5.1. Let [P ] [φ] [X] ∈ PZ(S/R). Then,

Θxφ(P ) = φ(P )Θx if and only if Θxφ(P )Θx−1 = φ(P )1x, for each x ∈ G. (55)

Indeed, if Θxφ(P ) = φ(P )Θx, for each x ∈ G, then

Θxφ(P )Θx−1 = φ(P )ΘxΘx−1 = φ(P )1x, for each x ∈ G.

On the other hand, since P is a central Z-bimodule, then P1x = 1xP , for each x ∈ G. Thus, by the 
R-bilinearity of φ we have 1xφ(P ) = φ(P )1x, for each x ∈ G. Then

Θxφ(P )Θx−1 = φ(P )1x ⇒ Θxφ(P )Θx−1Θx = φ(P )1xΘx ⇒ Θxφ(P )1x−1 = φ(P )Θx

⇒ Θx1x−1φ(P ) = φ(P )Θx ⇒ Θxφ(P ) = φ(P )Θx.

Lemma 5.2. PZ(S/R)(G) is a subgroup of PZ(S/R).

Proof. It is easy to see that PZ(S/R)(G) is closed under the multiplication. Let us verify that it is also 

closed with respect to taking inverses. Let [P ] [φ] [X] ∈ PZ(S/R)(G). As we know from Section 2.4, 

its inverse in PZ(S/R) is given by [P ∗] [φ∗] [X∗] . Since φ is injective, we may assume P ⊆ X and 
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P ∗ ⊆ X∗. Observe that P ∗ = {f ∈ X∗; f(P ) ⊆ R}. It follows that P ∗ · 1x = {f ∈ X∗; f(P ) ⊆ R1x}. 
Indeed, if f ∈ X∗ is such that f(P ) ⊆ R1x, then f ∈ P ∗ and

(f · 1x)(p) = f(p)1x = f(p).

Hence, f ∈ P ∗ · 1x. On the other hand, if f ∈ P ∗ · 1x, then f = f ′ · 1x, for some f ′ ∈ P ∗. Then,

f(p) = (f ′ · 1x)(p) = f ′(p)1x ∈ R1x, for all p ∈ P,

and the claimed equality follows. Let us now see that Θx · P ∗ · Θx−1 = P ∗ · 1x, for each x ∈ G. We have:

(Θx · P ∗ · Θx−1)(P ) = (P ∗ · Θx−1)(PΘx) = (P ∗ · Θx−1)(ΘxP )

= Θx(P ∗ · Θx−1)(P ) = Θx[P ∗(P )]Θx−1

⊆ ΘxRΘx−1 = R1x.

Therefore, Θx · P ∗ · Θx−1 ⊆ P ∗ ·R1x, for each x ∈ G. Now, observe that

P ∗ ·R1x = R1x · P ∗ ·R1x = (ΘxΘx−1) · P ∗ · (ΘxΘx−1)

= Θx · (Θx−1 · P ∗ · Θx) · Θx−1

⊆ Θx · (P ∗ ·R1x−1) · Θx−1

= Θx · P ∗ · (R1x−1Θx−1)

= Θx · P ∗ · Θx−1 .

Consequently, the desired equality follows, and we conclude that [P ∗] [φ∗] [X∗] ∈ PZ(S/R)(G). �
Proposition 5.3. The map

ϕ2 : PZ(S/R)(G) −→ PicZ(R) ∩ PicSZ(R)α∗
,

[P ] [φ] [X] �−→ [P ]

is a well-defined group homomorphism.

Proof. Clearly, ϕ2 respects the group operations. Thus, it is enough to show that if [P ] [φ] [X] ∈
PZ(S/R)(G), then [P ] ∈ PicSZ(R)α∗ . By (55) we have that Θxφ(P )Θx−1 = φ(PR1x), for each x ∈ G. Since 
φ is R-bilinear, then φ(P ) is an R-subbimodule of X. By Proposition 3.22 and since φ is injective, we obtain 
that fx is defined by

Θx ⊗ P ⊗ Θx−1

fx

Θx ⊗ φ(P ) ⊗ Θx−1 Θxφ(P )Θx−1 = φ(P1x)

P1x

P ⊗R1x

that is,
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fx(ux ⊗ p⊗ ux−1) = p′ ⊗ 1x,

where φ(p′) = uxφ(p)ux−1 is an R-bimodule isomorphism. Hence [P ] ∈ PicSZ(R)α∗ . �
Denote

AutR-rings(S)(G) = {f ∈ AutR-rings(S); f(Θx) = Θx, ∀ x ∈ G}.

Obviously, AutR-rings(S)(G) is a subgroup of AutR-rings(S).

Lemma 5.4. The following diagram is commutative with exact rows:

U(Z) F AutR-rings(S) E P(S/R) ϑ Pic(R)

U(Z) AutR-rings(S)(G) ϕ1 PZ(S/R)(G) ϕ2 PicZ(R) ∩ PicSZ(R)α∗

Proof. The exactness of the first row is given by [27, Proposition 5.1]. The restriction of ϑ to PZ(S/R)(G)

is the homomorphism ϕ2 from Proposition 5.3. If r ∈ U(Z), then since Θx is an R-bimodule, we have that 
F(r) ∈ AutR-rings(S)(G). If f ∈ AutR-rings(S)(G), then

if (R) · Θx = Rf(Θx) = RΘx = ΘxR = Θx · if (R), for each x ∈ G.

Since R is a central Z-bimodule, then E(f) = ( [R] [ιf ] [Sf ] ) ∈ PZ(S/R)(G). Consequently, the ho-
momorphisms of the second row are well-defined. Let us verify that the second row is exact.

The exactness at the first term and the inclusion E(AutR-Rings(S)(G)) ⊆ ker(ϕ2) directly follow from 

the exactness of the first row. Let [P ] [φ] [X] ∈ ker(ϕ2). Then there exists f ∈ AutR-rings(S) such 

that E(f) = ( [R] [ιf ] [Sf ] ) = ( [P ] [φ] [X] ) in P(S/R). More specifically, by the proof of [45, 
Teorema 1.5] we have that if λ : R −→ P is an R-bimodule isomorphism, then, defining α and β by

α : S −→ R⊗R S −→ P ⊗R S
φ̄r−→ X and β : S −→ S ⊗R R −→ S ⊗R P

φ̄l−→ X,

we may assume that f = β−1 ◦ α, and the diagram

R
if

λ

Sf

β

P
φ

X

is commutative. Since [P ] [φ] [X] ∈ PZ(S/R)(G), then φ(P )Θx = Θxφ(P ), for each x ∈ G. We shall 
verify that f(Θx) = Θx, for all x ∈ G.

Given ux ∈ Θx, we have that φ(λ(1))ux ∈ φ(P )Θx = Θxφ(P ), and, consequently, there exist ui
x ∈ Θx

and pi ∈ P , (i = 1, 2, ..., n), such that φ(λ(1))ux =
n∑

i=1
ui
xφ(pi). As λ is an isomorphism, there exists ri ∈ R

such that λ(ri) = pi, for all i = 1, 2, ..., n. Hence,
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α(ux) = φ(λ(1))ux =
n∑

i=1
ui
xφ(pi) =

n∑
i=1

ui
xφ(λ(ri)) =

n∑
i=1

ui
xβ(if (ri)) =

n∑
i=1

ui
xβ(ri) =

n∑
i=1

β(ui
xri).

Thus,

f(ux) = (β−1 ◦ α)(ux) =
n∑

i=1
ui
xri ∈ Θx.

Consequently, f(Θx) ⊆ Θx, for all x ∈ G.
On the other hand, given ux ∈ Θx, we have uxφ(λ(1)) ∈ Θxφ(P ), and thus there exist vjx ∈ Θx and 

pj ∈ P with j = 1, ..., m, such that uxφ(λ(1)) =
m∑
j=1

φ(pj)vjx. Using again that λ is an isomorphism, we get 

that there exist elements rj ∈ R such that λ(rj) = pj for j = 1, ..., m. Then

β(ux) = uxφ(λ(1)) =
m∑
j=1

φ(pj)vjx =
m∑
j=1

φ(λ(rj))vjx =
m∑
j=1

φ(λ(1))rjvjx = α

⎛⎝ m∑
j=1

rjv
j
x

⎞⎠ .

Therefore,

ux = (β−1 ◦ α)

⎛⎝ m∑
j=1

rjv
j
x

⎞⎠ = f

⎛⎝ m∑
j=1

rjv
j
x

⎞⎠ ∈ f(Θx).

Hence, Θx ⊆ f(Θx) and, consequently, we obtain the desired equality. It follows that f ∈ AutR-rings(S)(G)

and, thus, [P ] [φ] [X] ∈ E(AutR-rings(S)(G)). �
Since R ⊆ Δ(Θ) is a ring extension with the same unity, Lemma 5.4 is applicable:

Theorem 5.5. The following sequence of groups and homomorphisms is exact:

1 H1
Θ(G,α,Z)

ϕ1 PZ(Δ(Θ)/R)(G) ϕ2 PicZ(R) ∩ PicSZ(R)α∗
.

Proof. By Lemma 5.4, the sequence

U(Z) F AutR-rings(Δ(Θ))(G) PZ(Δ(Θ)/R)(G) ϕ2 PicZ(R) ∩ PicSZ(R)α∗

is exact. Hence,

1
AutR-rings(Δ(Θ))(G)

Im(F) PZ(Δ(Θ)/R)(G) ϕ2 PicZ(R) ∩ PicSZ(R)α∗

is exact. Thus, it suffices to show that there exists a group isomorphism 
AutR-rings(Δ(Θ))(G)

Im(F) �

H1
Θ(G, α, Z).
Let f ∈ AutR-rings(Δ(Θ))(G). Since f(Θx) = Θx for all x ∈ G and f fixes each element of R, restricting 

f to Θx, we get an R-bimodule isomorphism fx : Θx −→ Θx, for each x ∈ G. Let f̃x ∈ U(Z1x) be as in 



40 M. Dokuchaev, I. Rocha / Journal of Pure and Applied Algebra 228 (2024) 107558
Lemma 3.10. As f is a ring automorphism, we have that f(ux
Θ◦ uy) = f(ux) Θ◦ f(uy), for all ux ∈ Θx and 

uy ∈ Θy. Then

fxy(ux
Θ◦ uy) = fx(ux)

Θ◦ fy(uy), ux ∈ Θx, uy ∈ Θy.

By (25) we obtain

fxy(ux
Θ◦ uy) = f̃xy(ux

Θ◦ uy),

fx(ux) Θ◦ fy(uy) = f̃xux
Θ◦ f̃yuy = f̃xuxf̃y

Θ◦ uy
(28)= f̃xαx(f̃y1x−1)(ux

Θ◦ uy).

Consequently, f̃xy(ux
Θ◦ uy) = f̃xαx(f̃y1x−1)(ux

Θ◦ uy), for all ux ∈ Θx and uy ∈ Θy. Using the same 
argument as in Proposition 3.15 we obtain

f̃xαx(f̃y1x−1) = f̃xy1x, for all x, y ∈ G.

Then

f̃ : G −→ Z,

x �−→ f̃x,

belongs to Z1
Θ(G, α, Z). Since f̃1 = f1(1) = 1, it follows that f̃ is a normalized element in Z1

Θ(G, α, Z). We 
have the following homomorphism of groups:

Ψ : AutR-rings(Δ(Θ))(G) −→ Z1
Θ(G,α,Z)

f �−→ f̃
.

Conversely, if σ ∈ Z1
Θ(G, α, Z) is a normalized 1-cocycle, then

αx(σy1x−1)σx = σxy1x, for all x, y ∈ G. (56)

For each x ∈ G define

gx : Θx −→ Θx,

ux �−→ σxux.

Since σx ∈ U(Z1x), it follows by Lemma 3.10 that gx is an R-bilinear isomorphism and g̃x = σx, for each 
x ∈ G. Consider the map

g :=
⊕

x∈G gx : Δ(Θ) −→ Δ(Θ)
ux −→ gx(ux)

.

Then gx(Θx) = Θx, for all x ∈ G. Since σ is normalized, we have:

g(r) = g1(r) = σ1r = 1r = r, ∀ r ∈ R.

Hence, g fixes each element of R. Now, given ux ∈ Θx and uy ∈ Θy, we compute:

g(ux
Θ◦ uy) = σxy(ux

Θ◦ uy)
(56)= σxαx(σy1x−1)(ux

Θ◦ uy) = (σxαx(σy1x−1)ux
Θ◦ uy)

(28)= (σxuxσy
Θ◦ uy) = (σxux

Θ◦ σyuy) = (gx(ux)
Θ◦ gy(uy)).
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Therefore, g ∈ AutR-rings(Δ(Θ))(G) and we have the map

Φ : Z1
Θ(G,α,Z) −→ AutR-rings(Δ(Θ)/R)(G),

σ �−→ g.

Let us check that Φ is the inverse of Ψ. If f ∈ AutR-rings(Δ(Θ))(G), then

Φ(Ψ(f)) = Φ(f̃) =
⊕
x∈G

gx,

where gx(ux) = f̃xux = fx(ux), for all ux ∈ Θx, x ∈ G. Hence, Ψ(Φ(f)) = f , for all f ∈
AutR-rings(Δ(Θ))(G).

On the other hand, if σ ∈ Z1
Θ(G, α, Z), then

Ψ(Φ(σ)) = Ψ(g) = g̃,

where gx(ux) = σxux, for each x ∈ G. Thus, g̃x = σx, for all x ∈ G. Consequently, Ψ(Φ(σ)) = σ, for all 
σ ∈ Z1

Θ(G, α, Z). Therefore, Ψ : AutR-rings(Δ(Θ))(G) −→ Z1
Θ(G, α, Z) is a group isomorphism. Now, if 

r ∈ U(Z), then

F(r)(ux) = ruxr
−1 = rαx(r−11x−1)ux = (δ0r−1)(x)ux, for all ux ∈ Θx.

Hence, Ψ(F(r)) = δ0r−1 ∈ B1
Θ(G, α, Z). Conversely, if σ ∈ B1

Θ(G, α, Z), then there exists r ∈ U(Z) such 
that δ0r = σ, that is,

σ(x) = αx(r1x−1)r−1.

Then, F(r−1)(ux) = r−1uxr = r−1αx(r1x−1)ux, for all ux ∈ Θx. Thus, F̃(r)x = σ(x), for each x ∈ G. 
Consequently, Ψ(F(r)) = σ. Thus Ψ(Im(F)) = B1

Θ(G, α, Z) and we have the isomorphism

AutR-rings(Δ(Θ))(G)

Im(F) � H1
Θ(G,α,Z),

as desired. �
5.2. The second exact sequence

Let

PicZ(R)(G) = {[P ] ∈ PicZ(R);P ⊗ Θx ⊗ P−1|Θx, for all x ∈ G}.

Lemma 5.6. PicZ(R)(G) is a subgroup of PicZ(R) which contains PicZ(R) ∩ PicSZ(R)α∗ .

Proof. Let [P ], [Q] ∈ PicZ(R)(G). Since Q ⊗ Θx ⊗ Q−1|Θx, it follows by compatibility with the tensor 
product that P ⊗Q ⊗ Θx ⊗Q−1 ⊗ P−1|P ⊗ Θx ⊗ P−1. Therefore, by transitivity, we obtain that

P ⊗Q⊗ Θx ⊗Q−1 ⊗ P−1|Θx, for all x ∈ G.

Hence, [P ⊗ Q] ∈ PicZ(R)(G). Let us verify that PicZ(R)(G) is also closed with respect to inverses. Take 
[P ] ∈ PicZ(R)(G). Then
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P−1 ⊗ Θx ⊗ P � P−1 ⊗ Θx ⊗R1x−1 ⊗ P � P−1 ⊗ Θx ⊗ P ⊗R1x−1

� P−1 ⊗ Θx ⊗ P ⊗ Θx−1 ⊗ Θx � P−1 ⊗ Θx ⊗ P ⊗ Θx−1 ⊗R⊗ Θx

� P−1 ⊗ Θx ⊗ P ⊗ Θx−1 ⊗ P−1 ⊗ P ⊗ Θx.

Thus, since P ⊗ Θx ⊗ P−1|Θx, for each x ∈ G, we have

P−1 ⊗ Θx ⊗ P ⊗ Θx−1 ⊗ P−1 ⊗ P ⊗ Θx|P−1 ⊗ Θx ⊗ Θx−1 ⊗ P ⊗ Θx.

But,

P−1 ⊗ Θx ⊗ Θx−1 ⊗ P ⊗ Θx � P−1 ⊗R1x ⊗ P ⊗ Θx � P−1 ⊗ P ⊗R1x ⊗ Θx � Θx.

Consequently, P−1 ⊗Θx⊗P |Θx, for each x ∈ G, showing that [P−1] ∈ PicZ(R)(G). Therefore, PicZ(R)(G)

is a subgroup of PicZ(R).
Let [P ] ∈ PicZ(R) ∩ PicSZ(R)α∗ . By (30) we have that Θx ⊗ P � P ⊗ Θx, for each x ∈ G. As 

[P ] ∈ PicZ(R), it follows that

P ⊗ Θx ⊗ P−1 � Θx, ∀ x ∈ G, [P ] ∈ PicZ(R) ∩ PicSZ(R)α
∗
. (57)

In particular, P ⊗ Θx ⊗ P−1|Θx, for all x ∈ G. Hence, PicZ(R) ∩PicSZ(R)α∗ ⊆ PicZ(R)(G). �
Our next purpose is to construct a generalized partial crossed product starting with an element [P ] ∈

PicZ(R)(G). We begin by producing a unital partial representation.

Lemma 5.7. Let [P ] ∈ PicZ(R)(G) and denote ΩP
x = P ⊗ Θx ⊗ P

−1 , (x ∈ G). Then

ΩP : G −→ PicS(R),
x �−→ [ΩP

x ]

is a unital partial representation with ΩP
x ⊗ ΩP

x−1 � R1x and ΩP
x |Θx, for all x ∈ G.

Proof. Obviously, [ΩP
1 ] = [R] and ΩP

x |Θx, for all x ∈ G. Given x, y ∈ G, we have:

ΩP
x ⊗ ΩP

y ⊗ ΩP
y−1 = P ⊗ Θx ⊗ P−1 ⊗ P ⊗ Θy ⊗ P−1 ⊗ P ⊗ Θy−1 ⊗ P−1

� P ⊗ Θx ⊗ Θy ⊗ Θy−1 ⊗ P−1 � P ⊗ Θxy ⊗ Θy−1 ⊗ P−1

� P ⊗ Θxy ⊗ P−1 ⊗ P ⊗ Θy−1 ⊗ P−1 = ΩP
xy ⊗ ΩP

y−1 .

Similarly, we obtain that ΩP
x−1 ⊗ ΩP

x ⊗ ΩP
y � ΩP

x−1 ⊗ ΩP
xy, for all x, y ∈ G. Moreover,

ΩP
x ⊗ ΩP

x−1 = P ⊗ Θx ⊗ P
−1 ⊗ P ⊗ Θx−1 ⊗ P

−1 � P ⊗ Θx ⊗ Θx−1 ⊗ P
−1

� P ⊗R1x ⊗ P
−1 � R1x ⊗ P ⊗ P−1 � R1x ⊗R � R1x, ∀ x ∈ G.

Therefore, ΩP is a unital partial representation with ΩP
x ⊗ ΩP

x−1 � R1x, for all x ∈ G. �
Given [P ] ∈ PicZ(R)(G) let P−1 ⊗ P

r−→ R
l←− P ⊗ P−1 be R-bimodule isomorphisms. Define the 

R-bimodule isomorphisms fP
x,y : ΩP

x ⊗ ΩP
y −→ 1xΩP

xy via
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P ⊗ Θx ⊗ P
−1 ⊗ P ⊗ Θy ⊗ P

−1

fP
x,y

P ⊗ Θx ⊗ Θy ⊗ P
−1

P ⊗ 1xΘxy ⊗ P−1

1xP ⊗ Θxy ⊗ P−1,

where the first isomorphism is induced by r, that is,

fP
x,y(p1 ⊗ ux ⊗ p̄1 ⊗ p2 ⊗ uy ⊗ p̄2) = p1 ⊗ (uxr(p̄1 ⊗ p2)

Θ◦ uy) ⊗ p̄2,

for ux ∈ Θx, uy ∈ Θy, p1, p2 ∈ P and p̄1, p̄2 ∈ P−1. Given x, y, z ∈ G, it can be directly seen that the 
following diagram is commutative

P ⊗ Θx ⊗ P−1 ⊗ P ⊗ Θy ⊗ P−1 ⊗ P ⊗ Θz ⊗ P−1 1xP ⊗ Θxy ⊗ P−1 ⊗ P ⊗ Θz ⊗ P−1

P ⊗ Θx ⊗ P−1 ⊗ 1yP ⊗ Θyz ⊗ P−1 1x1xyP ⊗ Θxyz ⊗ P−1.

Consequently, fP
xy,z◦(fP

x,y⊗ΩP
z ) = fP

x,yz◦(ΩP
x ⊗fP

y,z). Therefore, fP = {fP
x,y : ΩP

x ⊗ΩP
y −→ 1xΩP

xy, x, y ∈ G}
is a factor set for ΩP and we have a generalized partial crossed product

Δ(ΩP ) =
⊕
x∈G

P ⊗ Θx ⊗ P−1,

such that P ⊗ Θx ⊗ P−1|Θx and ΩP
x ⊗ ΩP

x−1 � R1x, for each x ∈ G. Hence, [Δ(ΩP )] ∈ C(Θ/R), for all 
[P ] ∈ PicZ(R)(G).

Remark 5.8. It is important to observe that the isomorphism class of Δ(ΩP ) in C(Θ/R) does not depend 
on the choice of the isomorphism r used to define the isomorphism fP

x,y in ΩP .

With respect to the generalized partial crossed product Δ(ΩP ) we know that there exists an R-bimodule 
and a ring isomorphism νP : R −→ P ⊗Θ1 ⊗P−1 with commutative diagrams like in (35). We shall specify 
this isomorphism in the next remark, which will be used later.

Remark 5.9. Let ι : R −→ Θ1 be the R-bimodule and ring isomorphism which satisfies the commutative 
diagrams in (35). Let νP : R −→ P ⊗ Θ1 ⊗ P−1 be the isomorphism defined by

νP (r) =
n∑

k=1

rpk ⊗ ι(1) ⊗ p̄k,

where 
n∑

k=1

l(pk ⊗ p̄k) = 1. Then, νP satisfies the commutative diagrams

R⊗ ΩP
x

�

νP

ΩP
x

ΩP
1 ⊗ ΩP

x

fP
1,x

ΩP
x ⊗R

�

νP

ΩP
x

ΩP
x ⊗ ΩP

1

fP
x,1

Indeed, given r ∈ R, p ∈ P, ux ∈ Θx and p̄ ∈ P−1, we have
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fP
1,x(νP (r ⊗ p⊗ ux ⊗ p̄)) =

n∑
k=1

fP
1,x(rpk ⊗ ι(1) ⊗ p̄k ⊗ p⊗ ux ⊗ p̄) =

n∑
k=1

rpk ⊗ (ι(1) Θ◦ r(p̄k ⊗ p)ux) ⊗ p̄

=
n∑

k=1

rpk ⊗ r(p̄k ⊗ p)ux ⊗ p̄ =
n∑

k=1

rpkr(p̄k ⊗ p) ⊗ ux ⊗ p̄

=
n∑

k=1

rl(pk ⊗ p̄k)p⊗ ux ⊗ p̄ = rp⊗ ux ⊗ p̄.

Analogously, we obtain the commutativity of the second diagram.

Theorem 5.10. The map

L : PicZ(R)(G) −→ C(Θ/R),
[P ] �−→ [Δ(ΩP )]

is a group homomorphism.

Proof. In order to see that L is well-defined, consider [P ] = [Q] in PicZ(R)(G). Then there exist R-bimodule 
isomorphisms ϕ : Q −→ P and ϕ : Q−1 −→ P−1. Let r : P−1 ⊗ P −→ R be an R-bimodule isomorphism 
and let r′ : Q−1 ⊗Q −→ R be the R-bimodule isomorphism defined by r′(q̄ ⊗ q) = r(ϕ(q̄) ⊗ ϕ(q)). For each 
x ∈ G it is easy to see that the R-bimodule isomorphisms

ϕx : Q⊗ Θx ⊗Q−1 −→ P ⊗ Θx ⊗ P−1,

q ⊗ ux ⊗ q̄ �−→ ϕ(q) ⊗ ux ⊗ ϕ(q̄),

gives a isomorphism of partial generalized crossed products. Thus, [Δ(ΩP )] = [Δ(ΩQ)] in C(Θ/R).
Let [P ], [Q] ∈ PicZ(R)(G) and let, furthermore,

P ⊗ P−1 l−→ R
r←− P−1 ⊗ P and Q⊗Q−1 l

′
−→ R

r
′

←− Q−1 ⊗Q

be R-bimodule isomorphisms. Then,

L([P ⊗Q]) =
[⊕
x∈G

P ⊗Q⊗ Θx ⊗Q−1 ⊗ P−1

]
.

On the other hand,

L([P ])L([Q]) =
[⊕
x∈G

P ⊗ Θx ⊗ P−1 ⊗ Θx−1 ⊗Q⊗ Θx ⊗Q−1

]
.

Since Q ⊗Θx⊗Q−1|Θx, then Θx−1 ⊗Q ⊗Θx⊗Q−1|R. As P−1 is a central Z-bimodule, by Corollary 2.12
we have an R-bimodule isomorphism P−1⊗Θx−1 ⊗Q ⊗Θx⊗Q−1 � Θx−1 ⊗Q ⊗Θx⊗Q−1⊗P−1. Similarly, 
since Q is a central Z-bimodule and R1x|R, we have an R-bimodule isomorphism R1x ⊗ Q −→ Q ⊗ R1x, 
for each x ∈ G. Define the R-bimodule isomorphism Fx : ΩP

x ⊗ Θx−1 ⊗ ΩQ
x −→ ΩP⊗Q

x by:
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P ⊗ Θx ⊗ P−1 ⊗ Θx−1 ⊗Q⊗ Θx ⊗Q−1

Fx

P ⊗ Θx ⊗ Θx−1 ⊗Q⊗ Θx ⊗Q−1 ⊗ P−1

P ⊗R1x ⊗Q⊗ Θx ⊗Q−1 ⊗ P−1

P ⊗Q⊗R1x ⊗ Θx ⊗Q−1 ⊗ P−1

P ⊗Q⊗ Θx ⊗Q−1 ⊗ P−1.

Then routine arguments show that F = {Fx : ΩP
x ⊗Θx−1 ⊗ΩQ

x −→ ΩP⊗Q
x , x ∈ G} is an isomorphism of 

partial generalized crossed products. Therefore, L is a group homomorphism. �
By (57), if [P ] ∈ PicZ(R) ∩ PicSZ(R)α∗ , then [Δ(ΩP )] ∈ C0(Θ/R). We define the homomorphism 

ϕ3 : PicZ(R) ∩ PicSZ(R)α∗ −→ C0(Θ/R) as a restriction of L, that is,

ϕ3 : PicZ(R) ∩ PicSZ(R)α∗ −→ C0(Θ/R)
[P ] �−→ [Δ(ΩP )]

.

For reader’s convenience we separate in the next lemma a fact observed in [26, p. 161].

Lemma 5.11. Let R ⊆ S be a ring extension with the same unity and let P be an R-bimodule. Denote by μ
the multiplication in S.

(i) Let ρ : S ⊗R P −→ P ⊗R S be an R-bilinear map such that

(P ⊗ μ) ◦ (ρ⊗ S) ◦ (S ⊗ ρ) = ρ ◦ (μ⊗ P ), (58)

ρ(1 ⊗ p) = p⊗ 1, for all p ∈ P. (59)

If M is a unital left S-module, then P ⊗R M possesses a structure of a left S-module, given by

s ∗ (p⊗m) =
n∑

i=1
pi ⊗ sim,

where ρ(s ⊗p) =
n∑

i=1
pi⊗si. Moreover, if M is a unital S-bimodule, then P⊗RM is a unital S-bimodule, 

where the structure of a right S-module is given by the structure of M .
(ii) Let ρ′ : P ⊗R S −→ S ⊗R P be an R-bilinear map such that

(μ⊗ P ) ◦ (S ⊗ ρ1′) ◦ (ρ′ ⊗ S) = ρ′ ◦ (P ⊗ μ), (60)

ρ(p⊗ 1) = 1 ⊗ p, for all p ∈ P. (61)

If M is a right S-module, then M ⊗R RP possesses a structure of a right S-module given by

(m⊗ p) ∗ s =
n∑

msi ⊗ pi,

i=1
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where ρ′(p ⊗s) =
n∑

i=1
si⊗pi. Moreover, if M is a unital S-bimodule, then M⊗RP is a unital S-bimodule, 

where the structure of the right S-module is given by the structure of M .

Example 5.12. let P be a central Z-bimodule. Since R is a central Z-bimodule too, we have a Z-bimodule 
isomorphism ρ : R ⊗Z P −→ P ⊗Z R defined by ρ(r ⊗ p) = p ⊗ r. It is easy to see that ρ satisfies the 
conditions of Lemma 5.11. Moreover, for any R-bimodule M , by Lemma 5.11, the tensor product P ⊗Z M

has a structure of an R-bimodule defined by

r1 ∗ (p⊗m) ∗ r2 = p⊗ r1mr2,

for all p ∈ P, m ∈ M and r1, r2 ∈ R.

Lemma 5.13. Let R ⊆ S be a ring extension with the same unity, P a unital R-bimodule and ρ : S⊗R P −→
P ⊗R S an R-bimodule homomorphism which satisfies conditions (58) and (59). If M is an S-bimodule, 
then there exists an S-bimodule isomorphism

η : (P ⊗R S) ⊗S M −→ P ⊗R M

(p⊗R s) ⊗S m �−→ p⊗R sm
,

where P ⊗R S and P ⊗R M are S-bimodules with the actions given in Lemma 5.11.

Proof. Clearly, η is a well-defined right S-linear map. Given, s, s′ ∈ S, p ∈ P and m ∈ M , denote ρ(s′⊗Rp) =
n∑

i=1
pi ⊗R s′i. Then

η(s′ ∗ ((p⊗R s) ⊗S m)) = η

(
n∑

i=1
pi ⊗R s′is⊗S m

)
=

n∑
i=1

pi ⊗R (s′is)m

=
n∑

i=1
pi ⊗R s′i(sm) = s′ ∗ (p⊗R sm) = s′η((p⊗R s) ⊗S m).

Hence η is S-bilinear. Its inverse is given by:

η−1 : P ⊗R M −→ (P ⊗R S) ⊗S M,

p⊗R m �−→ p⊗R 1 ⊗S m.

Indeed, if p ∈ P, m ∈ M and s ∈ S, then

η−1(η(p⊗R s⊗S m)) = η−1(p⊗R sm) = p⊗R 1 ⊗S sm = p⊗R s⊗S m.

On the other hand,

η(η−1(p⊗R m)) = η(p⊗R 1 ⊗S m) = p⊗R 1m = p⊗R m.

Consequently, η is an S-bimodule isomorphism. �
Lemma 5.14. Let R ⊆ S be an extension of rings with the same unity, let [P ] ∈ Pic(R) and suppose that 
ρ : S ⊗R P −→ P ⊗R S is an R-bimodule isomorphism, which satisfies the conditions of Lemma 5.11. 
Denote by [P−1] the inverse of [P ] in Pic(R) and let P ⊗R P−1 l−→ R

r←− P−1 ⊗R P be isomorphisms of 
R-bimodules.
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(i) Let ρ : S ⊗R P−1 −→ P−1 ⊗R S be the R-bimodule isomorphism induced by ρ = P−1 ⊗ ρ−1 ⊗ P−1, 
that is,

S ⊗R P−1

ρ

R⊗R S ⊗R P−1 P−1 ⊗R P ⊗R S ⊗R P−1

P−1⊗ρ−1⊗P−1

P−1 ⊗R S ⊗R P ⊗R P−1

P−1 ⊗R S.

Suppose that ρ satisfies the conditions of Lemma 5.11 and endow P−1 ⊗R S with the structure of an 
S-bimodule determined by ρ as in Lemma 5.11. Let Ψ : P ⊗R (P−1 ⊗R S) −→ S be the isomorphism 
defined by

Ψ : P ⊗R (P−1 ⊗R S) P⊗ρ−1
−−−−−→ P ⊗R (S ⊗R P−1) ρ−1⊗P−1

−−−−−−−→ S ⊗R P ⊗ P−1 S⊗l−−−→ S,

that is, Ψ = (S ⊗ l) ◦ (ρ−1 ⊗ P−1) ◦ (P ⊗ ρ−1). Then

Ψ(p⊗ p̄⊗ s) = l(p⊗ p̄)s,

for all s ∈ S, p ∈ P and p̄ ∈ P−1.

(ii) Let s ∈ S, p ∈ P and p̄ ∈ P−1. Write 
l∑

k=1

l(pk ⊗ p̄k) = 1, and denote ρ(s ⊗ p) =
n∑

i=1
pi ⊗ si and 

ρ−1(pk ⊗ si) =
m∑
j=1

si,j ⊗ p̄k,j. Then

sl(p⊗ p̄) =
∑
i,j,k

l(pi ⊗ p̄k)si,j l(pk,j ⊗ p̄). (62)

(iii) Ψ is an isomorphism of S-bimodules.
(iv) [P ⊗R S] ∈ Pic(S).

Proof. Let s ∈ S, p̄ ∈ P−1 and take pl ∈ P , p̄l ∈ P−1, l = 1, 2, ..., n, such that 
n∑

l=1

r(p̄l ⊗ pl) = 1. Denoting, 

ρ−1(pl ⊗ s) =
m∑
i=1

si ⊗ pl,i, we have

ρ(s⊗ p̄) =
∑
l,i

p̄l ⊗ sil(pl,i ⊗ p̄).

Its inverse is given by

ρ−1(p̄⊗ s) =
∑
k,j

r(p̄⊗ pk,j)sj ⊗ p̄k,

where 
l∑

l(pk ⊗ p̄k) = 1 and ρ(s ⊗ pk) =
m∑

pk,j ⊗ sj .

k=1 j=1
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(i) Let s ∈ S, p ∈ P and p̄ ∈ P−1. Write 
n∑

k=1

l(pk ⊗ p̄k) = 1 and denote ρ(s ⊗ pk) =
m∑
j=1

pk,j ⊗ sj . Then

p⊗ p̄⊗ s
P⊗ρ−1

�−−−−−→
∑
k,j

p⊗ r(p̄⊗ pk,j)sj ⊗ p̄k
ρ−1⊗P−1

�−−−−−−−→
∑
k,j

ρ−1(pr(p̄⊗ pk,j) ⊗ sj) ⊗ p̄k

=
∑
k,j

ρ−1(l(p⊗ p̄)pk,j ⊗ sj) ⊗ p̄k =
∑
k,j

l(p⊗ p̄)ρ−1(pk,j ⊗ sj) ⊗ p̄k

=
∑
k

l(p⊗ p̄)s⊗ pk ⊗ p̄k
S⊗l�−−−→

∑
k

l(p⊗ p̄)sl(pk ⊗ p̄k)

= l(p⊗ p̄)s.

Hence,

Ψ(p⊗ p̄⊗ s) = (S ⊗ l) ◦ (ρ−1 ⊗ P−1) ◦ (P ⊗ ρ−1)(p⊗ p̄⊗ s) = l(p⊗ p̄)s.

(ii) Let us compute Ψ−1(sl(p ⊗ p̄)): observe that Ψ−1 = (P⊗ρ) ◦(ρ ⊗P−1) ◦(S⊗ l−1). If 
n∑

k=1

l(pk⊗ p̄k) = 1, 

then

sl(p⊗ p̄) S⊗l
−1

�−−−−→
l∑

k=1

sl(p⊗ p̄) ⊗ pk ⊗ p̄k =
l∑

k=1

s⊗ l(p⊗ p̄)pk ⊗ p̄k =
l∑

k=1

s⊗ pr(p̄⊗ pk) ⊗ p̄k

=
l∑

k=1

s⊗ p⊗ r(p̄⊗ pk)p̄k =
l∑

k=1

s⊗ p⊗ p̄l(pk ⊗ p̄k) = s⊗ p⊗ p̄

ρ⊗P−1

�−−−−−→
n∑

i=1
pi ⊗ si ⊗ p̄

P⊗ρ�−−−→
∑
i,j,k

pi ⊗ p̄k ⊗ si,j l(pk,j ⊗ p̄),

that is, Ψ−1(sl(p ⊗ p̄)) =
∑
i,j,k

pi ⊗ p̄k ⊗ si,j l(pk,j ⊗ p̄). Therefore,

sl(p⊗ p̄) = ΨΨ−1(sl(p⊗ p̄)) = Ψ

⎛⎝∑
i,j,k

pi ⊗ p̄k ⊗ si,j l(pk,j ⊗ p̄)

⎞⎠ =
∑
i,j,k

l(pi ⊗ p̄k)si,j l(pk,j ⊗ p̄).

(iii) It is enough to verify that Ψ is left S-linear. Take s, s′ ∈ S, p ∈ P and p̄ ∈ P−1. Let pk ∈ P and 

p̄k ∈ P−1, be such that 
l∑

k=1

l(pk ⊗ p̄k) = 1 and denote ρ(s′ ⊗ p) =
n∑

i=1
pi ⊗ s′i e ρ−1(pk ⊗ s′i) =

l∑
j=1

s′i,j ⊗ pk,j . 

Then ρ(s′i ⊗ p̄) =
∑
k,l

p̄k ⊗ s′i,j l(pk,j ⊗ p̄). Thus,

Ψ(s′ ∗ (p⊗ (p̄⊗ s))) = Ψ
(

n∑
i=1

pi ⊗ s′i ∗ (p̄⊗ s)
)

= Ψ

⎛⎝∑
i,j,k

pi ⊗ p̄k ⊗ s′i,j l(pk,j ⊗ p̄)s

⎞⎠
=

∑
l(pi ⊗ p̄k)s′i,j l(pk,j ⊗ p̄)s (62)= s′l(p⊗ p̄)s = s′Ψ(p⊗ p̄⊗ s).
i,j,k
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(iv) By Lemma 5.13 and by item (iii), we have the R-bimodule isomorphisms

(P ⊗R S) ⊗S (P−1 ⊗R S) � P ⊗R (P−1 ⊗R S) � S.

Similarly, (P−1 ⊗R S) ⊗S (P ⊗R S) � S, as S-bimodules. Consequently, [P ⊗R S] ∈ Pic(S). �
Theorem 5.15. The sequence

PZ(Δ(Θ)/R)(G) ϕ2 PicZ(R) ∩ PicSZ(R)α∗ ϕ3 C0(Θ/R)

is exact.

Proof. If [Q] ∈ Im(ϕ2), then there exists [Q] [φ] [X] ∈ PZ(Δ(Θ)/R)(G). By the proof of Proposi-
tion 5.3 there exists an R-bimodule isomorphism gx : Θx ⊗Q ⊗ Θx−1 −→ Q ⊗R1x determined by

gx(ux ⊗ q ⊗ ux−1) = q′ ⊗ 1x, where φ(q′) = uxφ(q)ux−1 .

Let hx : Q ⊗ Θx −→ Θx ⊗ Q be an R-bimodule isomorphism, such that the following diagram is 
commutative:

R1x ⊗Q⊗ Θx Θx ⊗ Θx−1 ⊗Q⊗ Θx

Θx⊗gx−1
Θx ⊗Q⊗R1x−1

Q⊗R1x ⊗ Θx Θx ⊗R1x−1 ⊗Q

Q⊗ Θx
hx

Θx ⊗Q

that is,

hx(q ⊗ ux) =
∑
(x)

ωx ⊗ gx−1(ωx−1 ⊗ q ⊗ ux),

where 1x =
∑
(x)

ωx
Θ◦ ωx−1 , with ωx ∈ Θx, ωx−1 ∈ Θx−1 , and arbitrary q ∈ Q, ux ∈ Θx.

Claim 5.16. The isomorphisms hx satisfy the commutative diagram:

Θx ⊗Q⊗ Θy

Θx⊗hy

hx⊗Θy

Q⊗ Θx ⊗ Θy

Q⊗fΘ
x,y

Q⊗ 1xΘxy

1xhxy

Θx ⊗ Θy ⊗Q
fΘ
x,y⊗Q

1xΘxy ⊗Q.

(63)

Indeed, let 1x =
∑
(x)

(ωx
Θ◦ ωx−1) and 1y =

∑
(y)

(ωy
Θ◦ ωy−1). By Remark 3.21, the restriction

1xhxy : Q ⊗ 1xΘxy −→ 1xΘxy ⊗ Q is given by 1xhxy(q ⊗ uxy) =
∑

(x),(y)

(ωx
Θ◦ ωy) ⊗ g(xy)−1((ωy−1

Θ◦

ωx−1) ⊗ q ⊗ uxy), for all uxy ∈ 1xΘxy. Thus, given q ∈ Q, ux ∈ Θx and uy ∈ Θy, we have:
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1xhxy ◦ (Q⊗ fΘ
x,y)(q ⊗ ux ⊗ uy) = 1xhxy(q ⊗ (ux

Θ◦ uy))

=
∑

(x),(y)

(ωx
Θ◦ ωy) ⊗ g(xy)−1((ωy−1

Θ◦ ωx−1) ⊗ q ⊗ (ux
Θ◦ uy))

=
∑

(x),(y)

(ωx
Θ◦ ωy) ⊗ qx,y, (64)

where φ(qx,y) =
∑

(x),(y)

(ωy−1
Θ◦ ωx−1)φ(q)(ux

Θ◦ uy).

On the other hand, applying (fΘ
x,y ⊗Q) ◦ (Θx ⊗ hy) ⊗ (hx ⊗ Θy), we obtain:

q ⊗ ux ⊗ uy
hx⊗Θy�−−−−−→

∑
(x)

ωx ⊗ gx(ωx−1 ⊗ q ⊗ ux) ⊗ uy

=
∑
(x)

ωx ⊗ q′x ⊗ uy, where φ(q′x) =
∑
(x)

ωx−1φ(q)ux,

Θx⊗hy�−−−−−→
∑

(x),(y)

ωx ⊗ ωy ⊗ gy(ωy−1 ⊗ q′x ⊗ uy)

=
∑

(x),(y)

ωx ⊗ ωy ⊗ q′x,y,

fΘ
x,y⊗Q

�−−−−−→
∑

(x),(y)

(ωx
Θ◦ ωy) ⊗ q′x,y, (65)

where

φ(q′x,y) =
∑

(x),(y)

ωy−1φ(q′x)uy =
∑

(x),(y)

ωy−1(ωx−1φ(q)ux)uy =
∑

(x),(y)

(ωy−1
Θ◦ ωx−1)φ(q)(ux

Θ◦ uy) = φ(qx,y).

Since φ is injective, we get q′x,y = qx,y. Consequently, (64) and (65) imply that the diagram is commutative.
The commutativity of (63) may be expressed as follows: given q ∈ Q, ux ∈ Θx and uy ∈ Θy, denote

hx(q ⊗ ux) =
n∑

i=1
ui
x ⊗ qi and hy(qi ⊗ uy) =

m∑
j=1

ui,j
y ⊗ qi,j .

Then,

hxy(q ⊗ (ux
Θ◦ uy)) =

∑
i,j

(ui
x

Θ◦ ui,j
y ) ⊗ qi,j . (66)

Consider now the R-bimodule isomorphism Fx : Q ⊗Θx ⊗Q−1 −→ Θx defined by Fx := hx ⊗Q−1, that 

is, given q ∈ Q, ux ∈ Θx and q̄ ∈ Q−1, if we denote hx(q ⊗ ux) =
n∑

i=1
ui
x ⊗ qi, then

Fx(q ⊗ ux ⊗ q̄) =
n∑

i=1
ui
xl(qi ⊗ q̄) ∈ Q,

where fx(q ⊗ ux ⊗ q̄) =
n∑

ui
x ⊗ qi, where Q ⊗R Q−1 l−→ R

r←− Q−1 ⊗R Q are R-bimodule isomorphisms.

i=1
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Claim 5.17. ϕ3([Q]) = [Δ(Θ)] in C0(Θ/R).

Indeed, it suffices to verify that the following diagram is commutative

Q⊗ Θx ⊗Q−1 ⊗Q⊗ Θy ⊗Q−1
fQ
x,y

Fx⊗Fy

R1x ⊗Q⊗ Θxy ⊗Q−1

Fxy

Θx ⊗ Θy
fΘ
x,y

R1x ⊗ Θxy.

Let q1, q2 ∈ Q, q̄1, q̄2 ∈ Q−1, ux ∈ Θx e uy ∈ Θy. Write

hx(q1 ⊗ ux) =
n∑

i=1
ui
x ⊗ qi and hy(qi ⊗ r(q̄1 ⊗ q2)uy) =

m∑
j=1

ui,j
y ⊗ qi,j .

Then, by (66)

hxy(qi ⊗ (ux
Θ◦ r(q̄1 ⊗ q2)uy)) =

∑
i,j

(ui
x

Θ◦ ui,j
y ) ⊗ qi,j .

Thus,

(Fxy ◦ fQ
x,y)(q1 ⊗ ux ⊗ q̄1 ⊗ q2 ⊗ uy ⊗ q̄2) = Fxy(q1 ⊗ (ux

Θ◦ r(q̄1 ⊗ q2)uy) ⊗ q̄2)

=
∑
i,j

(ui
x

Θ◦ ui,j
y )l(qi,j ⊗ q̄2).

On the other hand, applying fΘ
x,y ◦ (Fx ⊗ Fy) to q1 ⊗ ux ⊗ q̄1 ⊗ q2 ⊗ uy ⊗ q̄2, we obtain

(q1 ⊗ ux ⊗ q̄1 ⊗ q2 ⊗ uy ⊗ q̄2) �→
n∑

i=1
ui
xl(qi ⊗ q̄1) ⊗ hy(q2 ⊗ uy) ⊗ q̄2

=
n∑

i=1
ui
x ⊗ l(qi ⊗ q̄1)hy(q2 ⊗ uy) ⊗ q̄2 =

n∑
i=1

ui
x ⊗ hy(l(qi ⊗ q̄1)q2 ⊗ uy) ⊗ q̄2

=
n∑

i=1
ui
x ⊗ hy(qir(q̄1 ⊗ q2) ⊗ uy) ⊗ q̄2 =

n∑
i=1

ui
x ⊗ hy(qi ⊗ r(q̄1 ⊗ q2)uy) ⊗ q̄2

=
∑
i,j

ui
x ⊗ ui,j

y ⊗ qi,j ⊗ q̄2 �→
∑
i,j

ui
x ⊗ ui,j

y l(qi,j ⊗ q̄2)

�→
∑
i,j

(ui
x

Θ◦ ui,j
y )l(qi,j ⊗ q̄2).

Hence, Fx ◦fQ
x,y = fΘ

x,y ◦ (Fx⊗Fy), for all x, y ∈ G. Therefore, Δ(ΩQ) � Δ(Θ) as generalized partial crossed 
products. This yields that ϕ3([Q]) = [Δ(ΩQ)] = [Δ(Θ)] in C0(Θ/R) and, consequently, [Q] ∈ ker(ϕ3).

If [P ] ∈ ker(ϕ3), then there exists an isomorphism of generalized partial crossed products j : Δ(ΩP ) −→
Δ(Θ). This means that, for each x ∈ G, there exists an R-bimodule isomorphism jx : P ⊗Θx⊗P−1 −→ Θx

such that the diagram
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P ⊗ Θx ⊗ P−1 ⊗ P ⊗ Θy ⊗ P−1
fP
x,y

jx⊗jy

R1x ⊗ P ⊗ Θxy ⊗ P−1

jxy

Θx ⊗ Θy
fΘ
x,y

R1x ⊗ Θxy

(67)

is commutative. Given ux ∈ Θx e uy ∈ Θy, denote

j−1
x (ux) =

n∑
i=1

pi ⊗ ui
x ⊗ p̄i e j−1

y (uy) =
m∑
j=1

pj ⊗ uj
y ⊗ p̄j . (68)

Then, by the commutativity of the diagram, we obtain

j−1
xy (ux

Θ◦ uy) =
∑
i,j

pi ⊗ (ui
xr(p̄i ⊗ pj)

Θ◦ uj
y) ⊗ p̄j . (69)

Let ix : Θx ⊗ P −→ P ⊗ Θx be defined by ix : Θx ⊗ P
j−1
x ⊗P−−−−−→ P ⊗ Θx ⊗ P−1 ⊗ P −→ P ⊗ Θx, that is, 

given p ∈ P and ux ∈ Θx, if j−1
x (ux) =

n∑
i=1

pi ⊗ ui
x ⊗ p̄i, then

ix(ux ⊗ p) =
n∑

i=1
pi ⊗ ui

xr(p̄i ⊗ p).

Put i :=
⊕

x∈G ix : Δ(Θ) ⊗ P −→ P ⊗ Δ(Θ). Let us verify that i satisfies conditions (58) and (59) of 
Lemma 5.11. The first condition is:

(P ⊗ fΘ
x,y) ◦ (ix ⊗ Θy) ◦ (Θx ⊗ iy) = ixy ◦ (fΘ

x,y ⊗ P ) ∀ x, y ∈ G.

Let p ∈ P, ux ∈ Θx, uy ∈ Θy in the notation of (68), then ixy ◦ (fΘ
x,y ⊗ P ) is given by:

ux ⊗ uy ⊗ p �→ (ux
Θ◦ uy) ⊗ p �→ j−1

xy (ux
Θ◦ uy) ⊗ p

(69)=
∑
i,j

pi ⊗
(
ui
xr(p̄i ⊗ pj)

Θ◦ uj
y

)
⊗ p̄j ⊗ p

�→
∑
i,j

pi ⊗
(
ui
xr(p̄i ⊗ pj)

Θ◦ uj
y

)
r(p̄j ⊗ p).

On the other hand, (P ⊗ fΘ
x,y) ◦ (ix ⊗ Θy) ◦ (Θx ⊗ iy) is given by:

ux ⊗ uy ⊗ p
Θx⊗iy�−−−−→

m∑
j=1

ux ⊗ pj ⊗ uj
yr(p̄j ⊗ p)

ix⊗Θy�−−−−→
∑
i,j

pi ⊗ ui
xr(p̄i ⊗ pj) ⊗ uj

yr(p̄j ⊗ p)

P⊗fΘ
x,y�−−−−−→

∑
i,j

pi ⊗
(
ui
xr(p̄i ⊗ pj)

Θ◦ uj
yr(p̄j ⊗ p)

)
=

∑
pi ⊗

(
ui
xr(p̄i ⊗ pj)

Θ◦ uj
y

)
r(p̄j ⊗ p).
i,j
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Consequently, i satisfies condition (58). Since j is an isomorphism of generalized partial crossed products, 
then j1 ◦ νP = ι, where νP is given in Remark 5.9. Then

j−1
1 (1) = j−1

1 (ι(1)) = νP (1) =
n∑

k=1

pk ⊗ ι(1) ⊗ p̄k,

where 
n∑

k=1

l(pk ⊗ p̄k) = 1, for all r ∈ R. Hence,

i1(1 ⊗ p) =
n∑

k=1

pk ⊗ r(p̄k ⊗ p) =
n∑

k=1

pkr(p̄k ⊗ p) ⊗ 1 =
n∑

k=1

l(pk ⊗ p̄k)p⊗ 1 = p⊗ 1.

Therefore, i satisfies also condition (59). It follows from Lemma 5.11 that P ⊗ Δ(Θ) is an Δ(Θ)-bimodule 
via:

(p⊗ ux) ∗ uy = p⊗ (ux
Θ◦ uy) and uy ∗ (p⊗ ux) =

n∑
i=1

pi ⊗ (ui
y

Θ◦ ux),

where iy(uy ⊗ p) =
n∑

i=1
pi ⊗ ui

y. We construct the isomorphism ix : Θx ⊗ P−1 −→ P−1 ⊗ Θx by:

ix : Θx ⊗ P−1 −→ P−1 ⊗ P ⊗R Θx ⊗ P−1 jx−→ P−1 ⊗ Θx,

that is, ix(ux ⊗ p̄) =
n∑

k=1

p̄k ⊗ jx(pk ⊗ ux ⊗ p̄), where 
n∑

k=1

r(p̄k ⊗ pk) = 1. Let i =
⊕

x∈G ix : Δ(Θ) ⊗P−1 −→

P−1 ⊗R Δ(Θ). We shall verify that i also satisfies the conditions of Lemma 5.11. Let ux ∈ Θx, uy ∈ Θy and 

p̄ ∈ P−1. Take any two decompositions 
n∑

k=1

r(p̄k ⊗ pk) = 1 and 
m∑
l=1

r(p̄l ⊗ pl) = 1. Then, (P ⊗ fΘ
x,y) ◦ (ix ⊗

Θy) ◦ (Θx ⊗ iy) is given by:

ux ⊗ uy ⊗ p̄
Θx⊗iy�−−−−→

m∑
l=1

ux ⊗ p̄l ⊗ jy(pl ⊗ uy ⊗ p̄)

ix⊗Θy�−−−−→
∑
k,l

p̄k ⊗ jx(pk ⊗ ux ⊗ p̄l) ⊗ jy(pl ⊗ uy ⊗ p̄)

P⊗fΘ
x,y�−−−−−→

∑
k,l

p̄k ⊗
(
jx(pk ⊗ ux ⊗ p̄l)

Θ◦ jy(pl ⊗ uy ⊗ p̄)
)

(∗)=
∑
k,l

p̄k ⊗ jxy(pk ⊗ (uxr(p̄l ⊗ pl)
Θ◦ uy) ⊗ p̄)

=
n∑

k=1

p̄k ⊗ jxy(pk ⊗ (ux
Θ◦ uy) ⊗ p̄)

= ixy((ux
Θ◦ uy) ⊗ p̄)

= ixy ◦ (fΘ
x,y ⊗ P−1)(ux ⊗ uy ⊗ p̄),
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where the equality (∗) comes from the commutativity of diagram (67). Consequently, (P ⊗fΘ
x,y) ◦ (ix⊗Θy) ◦

(Θx ⊗ iy) = ixy ◦ (fΘ
x,y ⊗ P−1). For the second condition we have

i1(1 ⊗ p̄) =
n∑

k=1

p̄k ⊗ j1(pk ⊗ 1 ⊗ p̄) =
n∑

k=1

p̄k ⊗ l(pk ⊗ p̄) =
n∑

k=1

p̄kl(pk ⊗ p̄) ⊗ 1

=
n∑

k=1

r(p̄k ⊗ pk)p̄⊗ 1 = p̄⊗ 1.

Lemma 5.11 implies that P−1 ⊗R Δ(Θ) possesses a Δ(Θ)-bimodule structure given by i.

Claim 5.18. The isomorphism i is given by i = P−1 ⊗ i−1 ⊗P−1, where P−1 ⊗ i−1 ⊗P−1 : Δ(Θ) ⊗P−1 −→
P−1 ⊗ Δ(Θ) is defined as in item (i) of Lemma 5.14.

Indeed, we first observe that i−1
x : P ⊗Θx −→ Θx ⊗ P is given by i−1

x (p ⊗ ux) =
m∑
l=1

jx(p ⊗ ux ⊗ p̄l) ⊗ pl, 

where 
m∑
l=1

r(p̄l ⊗ pl) = 1. Now, applying P−1 ⊗ i−1 ⊗ P−1 for ux ⊗ p̄ we obtain:

ux ⊗ p̄ �→
n∑

k=1

p̄k ⊗ pk ⊗ ux ⊗ p̄ �→
n∑

k=1

p̄k ⊗ i−1(pk ⊗ ux) ⊗ p̄ =
∑
k,l

p̄k ⊗ jx(pk ⊗ ux ⊗ p̄l) ⊗ pl ⊗ p̄

�→
∑
k,l

p̄k ⊗ jx(pk ⊗ ux ⊗ p̄l)l(pl ⊗ p̄) =
∑
k,l

p̄k ⊗ jx(pk ⊗ ux ⊗ p̄ll(pl ⊗ p̄))

=
∑
k,l

p̄k ⊗ jx(pk ⊗ ux ⊗ r(p̄l ⊗ pl)p̄) =
∑
k

p̄k ⊗ jx(pk ⊗ ux ⊗ p̄) = ix(ux ⊗ p̄).

By item (iv) of Lemma 5.14, we get that [P ⊗ Δ(Θ)] ∈ Pic(Δ(Θ)). Let us verify that
[P ] [φ] [P ⊗ Δ(Θ)] ∈ PZ(Δ(Θ)/R)(G), where

φ : P −→ P ⊗ Δ(Θ),
p �−→ p⊗ 1.

Note that

φ̄r : P ⊗R Δ(Θ) −→ P ⊗ Δ(Θ),
p⊗ ux −→ φ(p) ∗ ux

is the identity, because

φ(p) ∗ ux = (p⊗ 1) ∗ ux = p⊗ ux = p⊗ ux.

Thus, φ̄r is an R-Δ(Θ)-bimodule isomorphism. By Remark 2.13, we have

[P ] [φ] [P ⊗ Δ(Θ)] ∈ PZ(Δ(Θ)/R).

Let us now verify that φ(P ) ∗Θx = Θx ∗φ(P ), for all x ∈ G. Let p ∈ P and ux ∈ Θx. Denoting ix(ux⊗ p) =
n∑

pi ⊗ ui
x, we compute
i=1
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ux ∗ φ(p) = ux ∗ (p⊗ 1) =
n∑

i=1
pi ⊗ (ui

x

Θ◦ 1) =
n∑

i=1
pi ⊗ ui

x =
n∑

i=1
(pi ⊗ 1) ∗ ui

x =
n∑

i=1
φ(pi) ∗ ui

x ∈ φ(P ) ∗ Θx.

Consequently, Θx ∗φ(P ) ⊆ φ(P ) ∗Θx. On the other hand, since p ⊗ux ∈ P ⊗R Δ(Θ) and i : Δ(Θ) ⊗R P −→

P⊗RΔ(Θ) is an isomorphism, there exist uj
x ∈ Θx and pj ∈ P , j = 1, 2, ..., m, such that ix

⎛⎝ m∑
j=1

uj
x ⊗ pj

⎞⎠ =

p ⊗ ux. Then,

φ(p) ∗ ux = p⊗ ux = ix

⎛⎝ m∑
j=1

uj
x ⊗ pj

⎞⎠ =
m∑
j=1

uj
x ∗ (pj ⊗ 1) =

m∑
j=1

uj
x ∗ φ(pj) ∈ Θx ∗ φ(P ).

Thus, φ(P )∗Θx ⊆ Θx∗φ(P ) and, consequently, we obtain the desired equality. Therefore,

[P ] [φ] [P ⊗R Δ(Θ)] ∈ PZ(Δ(Θ)/R)(G).

Obviously, ϕ2( [P ] [φ] [P ⊗ Δ(Θ)] ) = [P ] and, hence, [P ] ∈ Im(ϕ2). �
5.3. The group B(Θ/R) and the third exact sequence

Define the group B(Θ/R) by the exact sequence

PicZ(R)(G) L C(Θ/R) B(Θ/R) 1 ,

that is,

B(Θ/R) = C(Θ/R)
Im(L) .

Notation: If f : G1 −→ G2 is a homomorphism of groups, we denote by fc the co-kernel of f , that is, 
f c : G2 −→ G2/Im(f).

Proposition 5.19. The sequence

PicZ(R) ∩PicSZ(R)α∗ ϕ3 C0(Θ/R)
ϕ4 B(Θ/R),

where ϕ4 is Lc restricted to C0(Θ/R), is exact.

Proof. Clearly, Im(ϕ3) ⊆ ker(ϕ4). Let [Δ(Γ)] ∈ C0(Θ/R) be such that ϕ4([Δ(Γ)]) = [1] in B(Θ/R). Then 
there exists [P ] ∈ PicZ(R)(G) such that L([P ]) = [Δ(Γ)]. In particular, Γx � P ⊗ Θx ⊗ P−1, for all x ∈ G. 
Thus, we have that Θx � Γx � P ⊗Θx ⊗P−1, for all x ∈ G. Then Θx ⊗P � P ⊗Θx, for all x ∈ G. Hence, 
[P ] ∈ PicZ(R) ∩ PicSZ(R)α∗ and [Δ(Γ)] ∈ Im(ϕ3). �
5.4. The group H1(G, α∗, PicS0(R)) and the fourth exact sequence

Define

PicS0(R) = {[P ] ∈ PicS(R); P |R as bimodules}.
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Lemma 5.20.

(i) PicS0(R) is commutative.
(ii) PicS0(R) ⊆ PicSZ(R).
(iii) If [P ] ∈ PicS0(R), then [Θx ⊗ P ⊗ Θx−1 ] ∈ PicS0(R).
(iv) U(PicS0(R)) ⊆ PicZ(R)(G).

Proof. Item (i) directly follows from Proposition 2.10.
(ii) Let [P ] ∈ PicS0(R). By Remark 2.9, we obtain that P is a central Z-bimodule. Consequently, 

PicS0(R) ⊆ PicSZ(R).
(iii) If [P ] ∈ PicS0(R), then P |R and by the compatibility with the tensor product, Θx⊗P ⊗Θx−1 |Θx⊗

Θx−1 � R1x. It follows by the transitivity that Θx⊗P⊗Θx−1 |R, for each x ∈ G. Therefore, [Θx⊗P⊗Θx−1 ] ∈
PicS0(R).

(iv) If [P ] ∈ U(PicS0(R)), then by (ii) we have [P ] ∈ PicZ(R). Since P |R and P−1|R, it follows that 
P ⊗ Θx ⊗ P−1|Θx, for each x ∈ G. Hence, [P ] ∈ PicZ(R)(G). �

Items (ii) and (iii) of Lemma 5.20 imply that we may restrict each isomorphism α∗
x : PicSZ(R)[R1x−1 ] −→

PicSZ(R)[R1x], defined by α∗
x([P ][R1x]) = [Θx ⊗ P ⊗ Θx−1 ], to the ideal PicS0(R)[R1x−1 ] and obtain a 

partial action of G on PicS0(R).
Given [Δ(Γ)] ∈ C(Θ/R), since Γx|Θx, then Γx ⊗ Θx−1 |R, for all x ∈ G. Thus, [Γx ⊗ Θx−1 ] ∈ PicS0(R). 

Define fΓ : G −→ PicS0(R) by fΓ(x) = [Γx ⊗ Θx−1 ], for all x ∈ G. We have that fΓ(x) ∈ PicS0(R)[R1x]
and

[Γx ⊗ Θx−1 ][Θx ⊗ Γx−1 ] = [Γx ⊗ Θx−1 ⊗ Θx ⊗ Γx−1 ] = [Γx ⊗R1x−1 ⊗ Γx−1 ] = [R1x].

Consequently, fΓ(x) = [Γx ⊗R Θx−1 ] ∈ U(PicS0(R)[R1x]), for each x ∈ G. Moreover, given x, y ∈ G, we 
obtain by (iii) of Lemma 3.7 that

α∗
x(fΓ(y)[R1x−1 ])fΓ(xy)−1fΓ(x) = [Θx ⊗ Γy ⊗ Θy−1 ⊗ Θx−1 ][Θxy ⊗ Γ(xy)−1 ][Γx ⊗ Θx−1 ]

= [Θx ⊗ Γy ⊗ Θy−1 ⊗ Θx−1 ⊗ Θxy ⊗ Γ(xy)−1 ⊗ Γx ⊗ Θx−1 ]

= [Θx ⊗ Γy ⊗R1y−1 ⊗R1(xy)−1 ⊗ Γ(xy)−1 ⊗ Γx ⊗ Θx−1 ]

= [Θx ⊗ Γy ⊗ Γ(xy)−1 ⊗ Γx ⊗ Θx−1 ]

= [Θx ⊗R1y ⊗R1x−1 ⊗ Θx−1 ]

= [R1xy ⊗ Θx ⊗ Θx−1 ]

= [R1xy ⊗R1x] = [R1x][R1xy].

Hence, fΓ ∈ Z1(G, α∗, PicS0(R)), for all [Δ(Γ)] ∈ C(Θ/R).

Lemma 5.21. The map

ζ : C(Θ/R) −→ Z1(G,α∗,PicS0(R)),
[Δ(Γ)] �−→ fΓ,

is a group homomorphism whose kernel is C0(Θ/R).

Proof. If [Δ(Γ)] = [Δ(Ω)] in C(Θ/R), we have Γx � Ωx, for all x ∈ G. Then, Γx ⊗ Θx−1 � Ωx ⊗ Θx−1 , for 
all x ∈ G. Therefore,
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fΓ(x) = [Γx ⊗ Θx−1 ] = [Ωx ⊗ Θx−1 ] = fΩ(x), for all x ∈ G.

Thus, fΓ = fΩ in Z1(G, α∗, PicS0(R)) and, consequently, ζ is well-defined.
Let [Δ(Γ)], [Δ(Ω)] ∈ C(Θ/R). Since [Δ(Γ)][Δ(Ω)] =

[⊕
x∈G Γx ⊗ Θx−1 ⊗ Ωx

]
in C(Θ/R), then

fΓΩ(x) = [Γx ⊗ Θx−1 ⊗ Ωx ⊗ Θx−1 ] = [Γx ⊗ Θx−1 ][Ωx ⊗ Θx−1 ] = fΓ(x)fΩ(x),

for each x ∈ G. Hence, fΓΩ = fΓfΩ in Z1(G, α∗, PicS0(R)). Therefore, ζ is a group homomorphism.
It remains to verify that ker(ζ) = C0(Θ/R). If [Δ(Γ)] ∈ C0(Θ/R), then Γx � Θx, for each x ∈ G. Hence,

fΓ(x) = [Γx ⊗ Θx−1 ] = [Θx ⊗ Θx−1 ] = [R1x], for all x ∈ G.

Therefore, [Δ(Γ)] ∈ ker(ζ). On the other hand, let [Δ(Γ)] ∈ ker(ζ). Then, Γx ⊗ Θx−1 � R1x, for each 
x ∈ G. Taking the tensor product with Θx, we obtain Γx ⊗ R1x−1 � R1x ⊗ Θx and consequently Γx �
Θx, for all x ∈ G. Thus, [Δ(Γ)] ∈ C0(Θ/R). �

Define the group H1(G, α∗, PicS0(R)) by the exact sequence

PicZ(R)(G)

L

Z1(G,α∗,PicS0(R)) H1(G,α∗,PicS0(R)) 1

C(Θ/R)
ζ

that is,

H1(G,α∗,PicS0(R)) = Z1(G,α∗,PicS0(R))
(ζ ◦ L)(PicZ(R)(G))

.

Remark 5.22. A natural question is the following: what is the relation between B1(G, α∗, PicS0(R)) and 
the image of ζ ◦ L? The inclusion B1(G, α∗, PicS0(R)) ⊆ Im(ζ ◦ L) always holds.

Indeed, let ρ ∈ B1(G, α∗, PicS0(R)), then there exists [P ] ∈ U(PicS0(R)) ⊆ PicZ(R)(G) (see 
Lemma 5.20), such that

ρ(x) = α∗
x([P ][R1x−1 ])[P−1] = [Θx ⊗ P ⊗ Θx−1 ][P−1] = [Θx ⊗ P ⊗ Θx−1 ⊗ P−1]

= [P−1 ⊗ Θx ⊗ P ⊗ Θx−1 ] = ζ(L([P−1]))(x),

for all x ∈ G. Hence, B1(G, α∗, PicS0(R)) ⊆ Im(ζ ◦ L), as desired.
As in [28, Proposition 4.9] define the homomorphism ϕ5 : B(Θ/R) −→ H1(G, α∗, PicS0(R)) by means 

of the following commutative diagram:

C0(Θ/R)
ϕ4

PicZ(R)(G) L C(Θ/R) Lc

ζ

B(Θ/R)

ϕ5

1

Z1(G,α∗,PicS0(R))
(ζL)c

H1(G,α∗,PicS0(R)) 1

The proof of the next proposition follows the same steps of the [28, Proposition 4.9].
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Proposition 5.23. The sequence

C0(Θ/R)
ϕ4 B(Θ/R)

ϕ5
H1(G,α∗,PicS0(R))

is exact.

5.5. The fifth exact sequence

Let g be a normalized 1-cocycle in Z1(G, α∗, PicS0(R)), that is,

g : G −→ PicS0(R),
x −→ [∇x],

where [∇x] ∈ U(PicS0(R)[R1x]), for all x ∈ G and

α∗
x(gy[R1x−1 ])g−1

xy gx = [R1x][R1xy], for all x, y ∈ G. (70)

Observe that

α∗
x(gy[R1x−1 ])[Θx] = [Θx]gy, for all x, y ∈ G. (71)

Indeed,

α∗
x(gy[R1x−1 ])[Θx] = [Θx ⊗∇y ⊗ Θx−1 ][Θx] = [Θx ⊗∇y ⊗R1x−1 ]

= [Θx ⊗R1x−1 ⊗∇y] = [Θx ⊗∇y] = [Θx]gy.

Lemma 5.24. Let g be a normalized element in Z1(G, α∗, PicS0(R)). Then

U : G −→ PicS(R),
x �−→ gx[Θx],

is a unital partial representation with Ux ⊗ Ux−1 � R1x and Ux|Θx, for all x ∈ G.

Proof. Since g is normalized, then [U1] = g1[Θ1] = [R]. Given x, y ∈ G, we have

[Ux][Uy][Uy−1 ] = gx[Θx]gy[Θy]gy−1 [Θy−1 ] (71)= gxα
∗
x(gy[R1x−1 ])[Θx][Θy]gy−1 [Θy−1 ]

(70)= gxy[R1x][R1xy][R1x][Θxy]gy−1 [Θy−1 ] = gxy[R1x][Θxy]gy−1 [Θy−1 ]

= gxy[Θxy][R1y−1 ]gy−1 [Θy−1 ] = gxy[Θxy]gy−1 [R1y−1 ][Θy−1 ]

= gxy[Θxy]gy−1 [Θy−1 ] = [Uxy][Uy−1 ].

Analogously, [Ux−1 ][Ux][Uy] = [Ux−1 ][Uxy] for all x, y ∈ G. Again, since g is normalized, we have:

[Ux][Ux−1 ] = gx[Θx]gx−1 [Θx−1 ] (71)= gxα
∗
x(gx−1 [R1x−1 ])[Θx][Θx−1 ] = [g1][R1x] = [R][R1x] = [R1x],

for all x ∈ G. Moreover, since gx = [∇x] ∈ PicS0(R), then ∇x|R, for all x ∈ G. Hence, Ux � ∇x ⊗ Θx|Θx, 
for all x ∈ G. �
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Due to the fact that U is a unital partial representation, Lemma 3.7 implies that there exists a family of 
R-bimodule isomorphisms

fg = {fg
x,y : Ux ⊗R Uy −→ R1x ⊗ Uxy � 1xUxy, ∀ x, y ∈ G}. (72)

As [U1] = [R], we may choose a family of representatives {Ux}x∈G with U1 = R and a family of R-bimodule 
isomorphisms fg with fg

x,1 : Ux ⊗ R −→ Ux and fg
1,x : R ⊗ Ux −→ Ux given by the left and right actions 

of R on Ux, respectively. Then the commutative diagrams in (35) are trivially satisfied. By Corollary 3.16
there exists a partial 3-cocycle β̃g

−,−,− in Z3
Θ(G, α, Z) associated to fg.

Lemma 5.25. The map

δ : Z1(G,α∗,PicS0(R)) −→ H3
Θ(G,α,Z),

g �−→ [β̃g
−,−,−],

is a group homomorphism. Moreover,

δ ◦ ζ = [1], (73)

where ζ is the homomorphism defined in Lemma 5.21.

Proof. By Proposition 3.17, [β̃g
−,−,−] ∈ H3

Θ(G, α, Z) does not depend on the choice of the family of R-
bimodules {Ux}x∈G, nor on the choice of the family of the R-bimodule isomorphisms fg and, thus, δ is 
well-defined. Let g, h ∈ Z1(G, α∗, PicS0(R)). Denote [Ux] = gx[Θx] and [Vx] = hx[Θx], for all x ∈ G. Let

fg
x,y : Ux ⊗ Uy −→ 1xUxy and fh

x,y : Vx ⊗ Vy −→ 1xVx,y x, y ∈ G,

be families of R-bimodule isomorphisms and let β̃g
−,−,− and β̃h

−,−,− be the associated 3-cocycles in 
Z3

Θ(G, α, Z). Let [Wx] = gxhx[Θx], for all x ∈ G. Then,

[Wx] = gxhx[Θx] = gxhx[R1x][Θx] = gx[R1x]hx[Θx] = gx[Θx][Θx−1 ]hx[Θx] = [Ux ⊗ Θx−1 ⊗ Vx],

for each x ∈ G. Let fgh
x,y be the R-bimodule isomorphisms defined by

Ux ⊗ Θx−1 ⊗ Vx ⊗ Uy ⊗ Θy−1 ⊗ Vy
T

fgh
x,y

Ux ⊗ Uy ⊗ Θy−1 ⊗ Θx−1 ⊗ Vx ⊗ Vy

fg
x,y⊗fΘ

x,y⊗fh
x,y

1xUxy ⊗ 1y−1Θ(xy)−1 ⊗ 1xVxy

1xUxy ⊗ Θ(xy)−1 ⊗ Vxy

where T : Θx−1 ⊗ Vx ⊗ Uy ⊗ Θy−1 −→ Uy ⊗ Θy−1 ⊗ Θx−1 ⊗ Vx is the isomorphism from Proposition 2.10. 

By Lemma 3.18, we obtain that ˜
βgh
−,−,− = β̃g

−,−,−,β̃
h
−,−,−. Hence,

δ(gh) = [ ˜
βgh
−,−,−] = [β̃g

−,−,−β̃
h
−,−,−] = [β̃g

−,−,−][β̃h
−,−,−] = δ(g)δ(h),



60 M. Dokuchaev, I. Rocha / Journal of Pure and Applied Algebra 228 (2024) 107558
and, consequently, δ is group homomorphism. As to (73), take [Δ(Γ)] ∈ C(Θ/R) and denote fΓ = ζ([Δ(Γ)]), 
that is, fΓ

x = [Γx][Θx−1 ], for all x ∈ G. Thus,

[Ux] := fΓ
x [Θx] = [Γx][Θx−1 ][Θx] = [Γx][R1x−1 ] = [Γx], for all x ∈ G.

Consider a family of R-bimodule isomorphisms fΓ = {fΓ
x,y : Γx ⊗Γy −→ 1xΓxy, x, y ∈ G} which is a factor 

set for Δ(Γ). Then ˜
βfΓ

−,−,− is trivial. Therefore, δ(ζ([Δ(Γ)])) = [1] em H3
Θ(G, α, Z). �

As in [28, Proposition 4.10] define ϕ6 : H1(G, α∗, PicS0(R)) −→ H3
Θ(G, α, Z) via the commutative 

diagram:

PicZ(R)(G) ζL
Z1(G,α∗,PicS0(R))

(ζL)c

δ

H1(G,α∗,PicS0(R))

ϕ6

1

H3
Θ(G,α,Z).

Proposition 5.26. The sequence

B(Θ/R)
ϕ5

H1(G,α∗,PicS0(R))
ϕ6

H3
Θ(G,α,Z)

is exact.

Proof. Let h ∈ Z1(G, α∗, PicS0(R)) be such that (ζL)c(h) ∈ Im(ϕ5). Then there exists [Δ(Γ)] ∈ C(Θ/R), 
with ϕ5(Lc([Δ(Γ)])) = (ζL)c(h). In view of the commutativity of the diagram and thanks to (73), we have

ϕ6((ζL)c(h)) = ϕ6(ϕ5(Lc([Δ(Γ)]))) = (δ ◦ ζ)([Δ(Γ)]) = [1].

Hence, Im(ϕ5) ⊆ ker(ϕ6).
For the converse inclusion, take h ∈ Z1(G, α∗, PicS0(R)) with ϕ6((ζL)c(h)) = [1] in H3

Θ(G, α, Z). By 
the commutativity of the diagram we get that δ(h) = [1] in H3

Θ(G, α, Z). Denoting δ(h) = [β−,−,−] ∈
B3

Θ(G, α, Z), we have that there exists σ−,− : G ×G −→ Z, with σx,y ∈ U(Z1x1xy), for all x, y ∈ G, and

βx,y,z = αx(σy,z1x−1)σ−1
xy,zσx,yzσ

−1
x,y,

for all x, y, z ∈ G. Define [Ωx] := hx[Θx], for all x ∈ G and consider the family of associated isomorphisms 
fh as in (72). Then, by definition, we have that βx,y,x ◦ fh

x,yz ◦ (Ωx ⊗ fh
y,z) = fh

xy,z ◦ (fh
x,y ⊗ Ωz), for all 

x, y, z ∈ G. By Lemma 5.24, we obtain that Ω : G −→ PicS(R), defined by [Ωx] = hx[Θx], is a unital partial 
representation with Ωx ⊗ Ωx−1 � R1x and Ωx|Θx, for all x ∈ G. By Proposition 3.15, we have that

f̄h
x,y : Ωx ⊗ Ωy −→ 1xΩxy,

ωx ⊗ ωy �−→ σx,yf
h
x,y(ωx ⊗ ωy),

is a factor set for Ω. Hence, Δ(Ω) is a generalized partial crossed product with [Δ(Ω)] ∈ C(Θ/R). Moreover, 
ζ([Δ(Ω)]) = h. Then, by the commutativity of the diagram, we obtain

ϕ5(Lc([Δ(Ω)])) = ((ζL)c ◦ ζ)([Δ(Ω)]) = (ζL)c(h).

Thus, (ζL)c(h) ∈ Im(ϕ5). Therefore, ker(ϕ6) ⊆ Im(ϕ5) and, consequently, the sequence is exact. �
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Recalling that C0(Θ/R) � H2
Θ(G, α, Z), thanks to Proposition 4.4, we derive from Theorems 5.5 and 5.15

and from Propositions 5.19, 5.23 and 5.26 our main result:

Theorem 5.27. The sequence

1 H1
Θ(G,α,Z)

ϕ1 PZ(Δ(Θ)/R)(G) ϕ2 PicZ(R) ∩ PicSZ(R)α∗ ϕ3
H2

Θ(G,α,Z)

ϕ4 B(Θ/R)
ϕ5

H
1(G,α∗,PicS0(R))

ϕ6
H3

Θ(G,α,Z)

is exact.
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